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Preface 


Having taught mathematics and physics to students of university 
standard for thirty years, I find myself still facing the didactic 
difficulty that confronted me when I first began to teach, viz., how 
to instill in adolescent minds the best, and perhaps the only en- 
during motive for reading mathematics, which, in my view, is the 
aesthetic motive. 

Like the improvement of a bodily skill, the appreciation of 
beauty in any form can be developed with practice. This involves 
presenting the learner with objects of beauty for his appraisal; in 
the present instance with a collection of mathematical specimens 
of acknowledged aesthetic appeal. Anthologies of poetry or of 
music are not hard to come by: Gems from Shakespeare or 
Collected Folk Songs are familiar titles, so why should not a 
comparable collection be made for mathematics, which after all 
is an art form? To the aesthetically minded mathematician much 
mathematics reads like poetry. Then let the following collection 
be read as an anthology, which, in the Greek derivation, is a collec- 
tion of flowers. As far as I know it is the first of its kind. 

The topics discussed are simple; they are all more or less directly 
connected with the “golden section” of the Greeks. The author 
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hopes that the essay will not only make an aesthetic appeal to the 
reader, but will also stimulate his own creative activities, for the 
experience of creating something new or of uncovering some 
hidden beauty is one of the most intense joys that the human mind 
can experience. 

Iam glad to express my gratitude to my friend, Charles Clutter- 
buck of Bath University, for his skilful execution of the drawings 
and to Mr. Peter Kurz for reading the manuscript and for many 
helpful suggestions. 


Hutton, H. E. HUNTLEY 
Somerset, 
U.K. 
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Beauty is a conspicuous element in the abstract completeness 
aimed at in the higher mathematics; it is the goal of physics 
as it seeks to construe the order of the universe; it ought at 
least to be the inspiration of all study of life. . . . It raises for 
us the question of the depth and reach of our awareness. This 
needs the poet’s prayer that more of reverence in us dwell. 


JOHN OMAN, The Natural and the Supernatural 


Euclid alone has looked on Beauty bare... 


EpNA St. VINCENT MILLAy, Sonnet 


Introduction 


The theme of this book is the aesthetic appreciation of mathe- 
matics. Poincaré’s remark that “... but for harmony beautiful to 
contemplate, science would not be worth following” is applicable 
also to his own discipline, mathematics. K. Weierstrass’s dictum 
that “‘ No mathematician can be a complete mathematician unless 
he is also something of a poet,” recalls Poincaré’s: “The mathe- 
matician does not study pure mathematics because it is useful; he 
studies it because he delights in it and he delights in it because it is 
beautiful.” Since the purpose of these pages is didactic, it has 
been necessary to consider how the reader’s emotion could be 
stirred as he exercised his intelligence in following a mathematical 
argument; how a mathematical idea could be made to be both 
convincing by its logic and moving by its beauty. Three steps seem 
to be required, which, though they may be necessary, may not in 
themselves always be sufficient, to kindle the spark of aesthetic 
feeling into a flame. 

First, if we seek to implant in the budding mathematician a 
feeling for beauty in the topics which he studies, we must confront 
him with beautiful specimens. No argument would convince a 
blind man of the beauty of a rainbow; he must see it. Accordingly, 
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in the following pages is presented a short “anthology,” a selection 
of mathematical specimens which experience shows to have 
aesthetic appeal. The field of choice, however, is so wide that a 
strict rule of limitation is expedient. It would not be too difficult to 
range widely and write a sort of mathematical belles-lettres, but 
the alternative was preferred and it will be found that all the 
specimens selected are related to a single idea, one that appealed 
strongly to the aesthetic sensibilities of the ancient Greeks from 
the days of Pythagoras, viz., the “divine proportion” and the 
related topic, the Fibonacci series. The basic idea is simple; most 
of thé cognate topics are within the competence of high school 
pupils. The inference the reader may be expected to make is that, 
if so restricted a field contains so many gems, the whole realm of 
mathematics must be rich indeed! 

Second, some preliminary education related to the selected 
specimens is needed. A limited sense of aesthetic appreciation is 
given; the rest must be acquired. For example, the mathematically 
uneducated can easily appreciate the dual symmetry of an ellipse; 
that is given. But the unlimited store of beauty of the conic sec- 
tions is reserved for the mathematically trained: it is acquired. 
This indicates that the path to real aesthetic pleasure is through 
toil, a principle that holds far beyond the realm of mathematics. 
Spade work is essential: per ardua ad astra. 

Third, the neophyte must be encouraged to help himself. The 
Socratic method is best here, and the reason is simple. The 
appreciation of beauty is scarcely to be distinguished from the 
activity of creation. “In the moment of appreciation we ... re- 
enact the creative act, and we ourselves make the discovery 
again.” Self-help is the royal road to intuitional glimpses of truth 
and to discoveries which, even at secondhand, bring with them 
the joy of creative activity. 

To summarize: to induce aesthetic pleasure, select a suitable 
object, acquire the relevant education and help yourself. 


EXERCISE OF A SKILL 


There are of course other sources of pleasure in the pursuit of 
mathematics than the appreciation of beauty. There is, for in- 
stance, the exercise of mental skills. Mathematics is a language, 
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and skill in its use can afford great satisfaction. J. Bronowski 
writes : 


Mathematics is in the first place a language in which we discuss those 
parts of the real world which can be described by numbers or by similar 
relations of order. But with the workaday business of translating the 
facts into this language there naturally goes, in those who are good at it, 
a pleasure in the activity itself. They find the language richer than its 
bare content; what is translated comes to mean less to them than the 
logic and the style of saying it; and from these overtones grows mathe- 
matics as a literature in its own right. Mathematics in this sense is a 
form of poetry, which has the same relation to the prose of practical 
mathematics as poetry has to prose in any other language. The element 
of poetry, the delight in exploring the medium for its own sake, is an 
essential ingredient in the creative process.” 


Another secondary source of pleasure in the pursuit of mathe- 
matics is the sense of increased power which accompanies it. 
“Give me a fulcrum,” said Archimedes concerning the lever, “and 
I will move the world!” Students experience great satisfaction 
when they first learn to use logarithms, or when the remainder 
theorem enables them to factor an algebraic polynomial. 

But although the acquisition of skill in mathematics and the 
sense of increased mathematical power contribute to the enjoy- 
ment of mathematical pursuits, neither can exceed the joy of the 
creation of beauty, remembering that even appreciation is a re- 
enactment of creative activity, so that creating new mathematics 
and reading old mathematics produced by someone else result in 
very similar types of aesthetic feeling. 


A CAREER IN MATHEMATICS 


If you, the reader, contemplate a career in pure or applied 
mathematics, whether in industry or research, or in the teaching 
profession, you should be warned that although there can be one 
infallible, enduring reward for you in this pursuit—joy in creative 
activity—there stand certain discouraging hazards, of which four 
may be noted briefly: 


1. The burden of hard mental concentration is a sine qua non. 
You may find that you have to live with a problem day and night 
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for weeks, giving all you have of mental resources in order to 
solve it: no inspiration without perspiration. 

2. Your best efforts may be fruitless. Despite extravagant ex- 
penditure of time and skill, the result is nil. Disappointment, 
frustration and near-despair are common experiences of serious 
mathematicians. 

3. You may be lonely. Scarcely anyone will appreciate your 
work because few will be capable of understanding it. 

4. The results you do obtain will always appear to be dispropor- 
tionately meager in comparison with the effort you expended to 
produce them: “The mountain laboured and brought forth a 
mouse.” 


The one sure path to satisfaction in a mathematics career is to 
cultivate assiduously the aesthetic appreciation of the discipline. 
That pleasure will not fade, it will grow with exercise. 


TEACHING MATHEMATICS 


As a mathematics student and teacher of long standing I may be 
permitted to say something about two sorts of students, the 
pedestrians and the high fliers. 

First, teachers should be sympathetic with the mathematically 
ungifted. For humane reasons, such should be dissuaded from any 
unaccountable ambition they may have to take advanced mathe- 
matics. C. G. Jung has some wise advice for us under this heading: 


There are however, others who are by no means unamenable to educa- 
tion, who, on the contrary, exhibit special aptitudes, but of a very 
peculiar and one-sided nature. The most frequent of such peculiarities 
is the incapacity to understand any form of mathematics that is not ex- 
pressed in concrete numbers. For this reason higher mathematics ought 
always to be optional in schools, since the development of the capacity 
for logical thinking is in no way connected with it. For the individuals 
mentioned above, mathematics is quite meaningless, and only needless 
torment. The truth is that mathematics presupposes a definite type of 
psychological make-up that is by no means universal and that cannot be 
acquired. For those who do not possess this ability mathematics becomes 
merely a subject to be memorized, just as one memorizes a series of 
meaningless words. Such persons may, however, be highly gifted in 
every other way, and may either possess already the capacity for logical 
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thinking, or have a better chance of acquiring it by direct instruction in 
logic. Strictly speaking, of course, a deficiency in mathematical capacity 
is not to be taken as an individual peculiarity. However, it serves to 
show in what way a curriculum may sin against the psychological 
peculiarity of the pupil.* 

Second, the feeling for beauty in mathematics is infectious. It is 
caught, not taught. It affects those with a flair for the subject. I 
well remember when it happened to me, as a very young under- 
graduate of Bristol University. It was a seminal experience in life. 

The late Peter Frazer, Lecturer in Mathematics, a lovable man 
and a brilliant teacher, was discussing cross ratios with a mathe- 
matics set. Swiftly he chalked on the blackboard a fan of four 
straight lines, crossed them with a transversal and wrote a short 
equation; he stepped down from the dais and surveyed the figure. 
I cannot of course recall precisely what he said but it went some- 
thing like this. Striding rapidly up and down between the class and 
the blackboard, waving his arms about excitedly, with his tattered 
gown, green with age, billowing out behind him, he spoke in 
staccato phrases: “Och, a truly beautiful theorem! Beautiful! ... 
Beautiful! Look at it! Look at it! What simplicity! What economy! 
Just four lines and one transversal.” His voice rises in a crescendo. 
“What elegance! Any lines, any transversal! Its generality is 
astonishing.” Then, muttering to himself “Beautiful! ... beauti- 
ful! ...,” he stopped, slightly embarrassed (he was from Aber- 
deen), and returned to earth. 

The students were amused. But not all. Sparks from that blazing 
enthusiasm fell on at least one boy. He took fire and that fire was 
never extinguished. Hence this book. 


SPIRITUAL VALUES 


I must not close this introductory chapter without bearing wit- 
ness to the spiritual values accruing from the pursuit of mathe- 
matics from the aesthetic standpoint. I have stressed the delight 
that derives from beholding beauty. But richer blessings may re- 
ward the sincere student. This is the testimony of many who have 
been disciplined by close association with the study of Nature and 
her interpreter, mathematics. Their testimony is that these 
disciplines can provide comfort, charm, edification, delight and 
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blessings. I will attempt to justify these five nouns by quotations 
from five writers whose names stand out on the scroll of fame. 


1. Comfort: Johannes Kepler. 


If there is anything that can bind the heavenly mind of man to this 
dreary exile of our earthly home and can reconcile us with our fate 
so that one can enjoy living,—then it is verily the enjoyment of the 
mathematical sciences and astronomy. 


2. CHarM: Lord Rayleigh. 


Some proofs command assent. Others woo and charm the intellect. 
They evoke delight and an overpowering desire to say “Amen, 
Amen.” 


3. EDIFICATION: Morris Kline. 


Perhaps the best reason for regarding mathematics as an art is not 
so much that it affords an outlet for creative activity as that it provides 
spiritual values. It puts man in touch with the highest aspirations and 
loftiest goals. It offers intellectual delight and the exaltation of re- 
solving the mysteries of the universe.* 


4. DELIGHT: Tagore. 


Somewhere in the arrangement of this world there seems to be a 
great concern about giving us delight, which shows that, in the 
universe, over and above the meaning of matter and forces, there is a 
message conveyed through the magic touch of personality... . 

Is it merely because the rose is round and pink that it gives me 
more satisfaction than the gold which could buy me the necessities of 
life, or any number of slaves.... Somehow we feel that through a 
rose the language of love reached our hearts.* 


5. BLEssiNGs: Wordsworth (“Lines Written above Tintern Abbey”’). 


... that Nature never did betray 

The heart that loved her; ’tis her privilege 
Through all the years of this our life, to lead 
From joy to joy: for she can so inform 

The mind that is within us, so impress 

With quietness and beauty, and so feed 

With lofty thoughts, that neither evil tongues, 
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Rash judgments, nor the sneers of selfish men, 
Nor greetings where no kindness is, nor all 
The dreary intercourse of daily life, 

Shall e’er prevail against us, or disturb 

Our cheerful faith, that all which we behold 

is full of blessings... . 


PHILOSOPHY 


Finally, 1 hope the following pages may encourage the reader 
who takes mathematics seriously to cultivate a philosophical atti- 
tude to the subject; and not only about beauty in mathematics but 
also beauty in a wider context, to ask such questions as: What is 
beauty? What is the status of the aesthetic faculty? Has it a 
practical value? Whence is it? Has it served a purpose in human 
evolution? What are its long-term prospects? 

It is difficult to confine beauty to either objective or subjective 
categories. It seems to be more satisfactory to regard it as an 
interaction between the mind and an object or an idea which 
arouses emotion. It would follow that the discovery of beauty 
either in the world of nature or in mathematics is indicative of 
some feature in the structure of the mind. For example, the im- 
possibility of conceiving a finite universe, or a straight line that, 
however long, cannot be produced, points ineluctably to a con- 
stituent element in the mental fabric as much as to a feature of the 
universe. Again, the non-existence of an ultimate particle—one 
that cannot be subdivided—is not so much a fact of atomic physics 
as an inexorable mental necessity. The difficulty of conceiving an 
undifferentiated continuum or of imagining “action at a distance” 
are other examples of mental limitations. 

These considerations provide a clue to indicate in which general 
direction we might look to find an explanation of the source of 
aesthetic pleasure. We should seek to discover what we can about 
the anatomy of the human psyche, which has been slowly evolved 
in parallel with the development of man’s physical frame over a 
period of hundreds of thousands of years. One might accordingly 
anticipate that mental elements of great antiquity might be rele- 
vant to those types of beauty of which the appreciation is common 
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to the whole human race, e.g., color contrast, rhythm, form, and 
others of the kind. 

Carl G. Jung speculated as follows in his book, Man and his 
Symbols: 


Just as the human body represents a whole museum of organs, each 
with a long evolutionary history behind it, so we should expect to find 
that the mind is organized in a similar way. It can nomore be a product 
without history than is the body in which it exists... . Iam referring to 
the biological, prehistoric, and unconscious development of the mind 
in archaic man, whose psyche was still close to that of the animal. 

This immensely old psyche forms the basis of our mind, just as much 
as the structure of our body is based on the general anatomical pattern 
of the mammal. The trained eye of the anatomist finds many traces of 
the original pattern in our bodies. The experienced investigator of the 
mind can similarly see the analogies between the dream pictures of 
modern man and the products of the primitive mind, its ‘collective 
images” and its mythological motifs. 


As an example of this one may point to the fact that one of the 
secrets of effective poetry is its power to bring to the surface mind 
(i.e., the conscious mind) primordial images which are deeply 
buried constituents of the racial unconscious common to all man- 
kind. The poet who conjures up the archetypes “speaks with a 
thousand tongues.” 

A more relevant example might be the visual beauty of a sine 
curve or the comparable aural beauty of rhythm. Among the most 
ancient experiences of man—indeed, of his mammalian ancestors 
—is the inescapable association of rhythmic motion in the womb 
with the euphoria generated during nine months of pre-natal 
existence. It is the interaction between this (subjective) age-old, 
“fossilized” feature of mental structure and the (objective) sight 
of a sine curve or sound of rhythm in music which we call beauty. 

This is perhaps sufficient to show that the serious study of 
mathematics can produce philosophic speculation as well as 
aesthetic appreciation. That it may also become a “chief source of 
happiness” is borne out by Bertrand Russell, who began Euclid 
at eleven, with his eighteen-year-old brother as tutor. In his 
Autobiography he testifies: 


This was one of the great events of my life, as dazzling as first love. I 
had not imagined there was anything so delicious in the world... . From 


INTRODUCTION 9 


that moment until ... I was thirty eight, mathematics was my chief 
interest and my chief source of happiness. 


It is the writer’s hope that the reader with a humbler mathematical 
gift than Russell’s may find the following pages a “source of 
happiness.” 


C HAP SS ££. 


The Texture of Beauty 


Before launching out on our main topic, beauty in mathematics, it 
will be worth while to convince ourselves that the effort required to 
learn to appreciate aesthetic values is justified by the pleasure it 
offers. The conviction is born of experience; and we shall soon dis- 
cover that it is shared by many of the world’s wisest men. An 
example of ancient standing, written before the Christian era 
(Ecclesiasticus 43, vv. 11-12), magnifies one of the most familiar of 
beautiful objects: 


Look upon the rainbow, and praise him that made it; very beautiful 
it is in the brightness thereof. It compasseth the heaven about with a 
glorious circle, and the hands of the most High have bended it. 


A further quotation relating to the same example of beauty will 
serve to underline one of the important lessons of these chapters. 
For aesthetic appreciation there are two requirements: the first is 
given, the second acquired. The first is from nature—by inheri- 
tance; the second from nurture—by education. 

If the poet sees beauty in a rainbow— 


My heart leaps up when I behold 
A rainbow in the sky... 


fe) 
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—so does the physicist in the laws governing its manifestation: 


His heart leaps up, too, as he discovers how the light of day is re- 
flected, chromatically refracted, reflected again and dispersed by gently 
falling water spheres into a thousand hues, conforming the while to 
lovely theorems of mathematics so simple in some aspects that the 
schoolboy may understand, so complex in others as to defy analysis, ' 


The surface beauty of the rainbow—‘very beautiful it is in the 
brightness thereof”—is appreciated by all men: it is given. But 
the buried beauty, uncovered by the industrious researches of the 
physicist, is understood only by the scientifically literate. It is 
acquired: education is essential. 


DEFINITIONS 


It is difficult to define beauty, as we shall see; but there is much 
impressive testimony to the importance of the emotions that 
beauty calls forth. Mohammed said: 


If I had only two loaves of bread, I would barter one to nourish my 
soul. 


A more modern witness, Richard Jefferies, wrote: 


The hours when we are absorbed by beauty are the only hours when 
we really live....These are the only hours that absorb the soul and 
fill it with beauty. This is real life, and all else is illusion, or mere 
endurance. 


Beauty is a word which has defied the efforts of philosophers to 
define in a way that commands general agreement. Yet it does not 
need a philosopher’s wisdom to utter a few meaningful words 
about it. One incontrovertible statement might be: beauty arouses 
emotion. This, being sufficiently indefinite, needs no qualification. 
The case would be different if we said, “ This lovely artifact always 
arouses pleasurable emotion in everyone who sees it,”’ for we know 
that some people, confronted by beauty which moves others, are 
entirely unresponsive to it. This appears to justify the familiar 
aphorism: “Beauty lies in the eye of the beholder.”’ Whether this 
be true or not, it is certain that no philosopher, however erudite, can 
contradict me when I say in sincerity, concerning some experience, 
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“For me, that is beautiful.” But whether beauty is subjective or 
objective or both is an unresolved metaphysical problem. 
According to the Shorter Oxford English Dictionary beauty is: 


that quality or combination of qualities which affords keen pleasure to 
the senses, especially that of sight, or which charms the intellectual or 
moral faculties. 


Only a part of this wide definition concerns us here. We are not 
interested at the moment in, for example, “the beauty of holiness” 
which “charms” the moral faculties. Our interest lies in the com- 
biriation of qualities which charms the intellect. “Combination of 
qualities” reminds us that the experience of beauty is not a simple, 
but a complex experience. In mathematics it may be compounded 
of surprise, wonder, awe, or of realised expectation, resolved per- 
plexity, a sense of unplumbed depths and mystery; or of economy 
of the means to an impressive sesult. When the mathematician 
refers to beauty in mathematics, we infer that he has had ex- 
perience of some or all of these qualities. 

Before we turn to the consideration of particular types of beauty, 
it is profitable to think of it in a wider context. 


EVOLUTION OF AESTHETIC FACULTY 


Taking a teleological view-point, we might begin by asking 
whether the universal human thirst for beauty serves a useful pur- 
pose. Physical hunger and thirst ensure our bodily survival. The 
sex drive takes care of the survival of the race. Fear has survival 
value. But—to put the question crudely—what is beauty for ? What 
personal or evolutionary end is met by the appreciation of a rain- 
bow, a flower or a symphony? At first sight, none. Why, if I have 
two loaves, should I “sell one and buy a lily”? Many of our 
appetites have been developed in the course of human evolution 
for a utilitarian purpose in the material environment of our mun- 
dane existence. Does this suggest a realm of another natural 
order? That it points to a definitive view of the nature of the 
human psyche is a conclusion which seems unavoidable. Before 
we develop this, let us remind ourselves of how some philosophers, 
both ancient and modern, have regarded beauty. 

Plato, in the Symposium, has much to say about progress from 
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aesthetic appreciation to the enjoyment of “absolute beauty.” He 
recounts an inspired speech by Socrates in a dramatic dialogue at 
the “Dinner Party.”’ Socrates modestly attributes his views to his 
“instructress”—a woman from Mantinea, called Diotima. The 
following excerpts are relevant to our subject: 


The man who would apply himself to this goal must begin, when he is 
young, by applying himself to the contemplation of physical beauty.. . . 
The next stage is for him to reckon beauty of soul more valuable than 
beauty of body... . From morals he must be directed to the sciences and 
contemplate their beauty also....[The man] who has directed his 
thoughts towards examples of beauty in due and orderly succession will 
suddenly have revealed to him as he approaches the end of his initiation 
a beauty whose nature is marvellous indeed, the final goal, Socrates, of 
all his previous efforts. This beauty is first of all external; it neither 
comes into being nor passes away; next, it is not beautiful in part and 
ugly in part, nor beautiful at one time and ugly at another... . He will 
see it as absolute, existing alone with itself, unique, external, and all 
other beautiful things as partaking of it... . 

This above all others, my dear Socrates, (the woman from Mantinea 
continued) is the region where a man’s life should be spent, in the con- 
templation of absolute beauty. Once you have seen that, you will not 
value it in terms of gold or rich clothing or the beauty of boys and 
young men... . What may we suppose to be the felicity of the man who 
sees absolute beauty in its essence, pure and unalloyed, who, instead of a 
beauty tainted by human flesh and colour and a mass of perishable 
rubbish, is able to apprehend divine beauty where it exists apart and 
alone? Do you think that it will be a poor life that a man leads who has 
his gaze fixed in that direction, who contemplates absolute beauty with 
the appropriate faculty and is in constant union with it? 


Turning from an ancient to a modern philosopher, we may con- 
sider the views of the Italian philosopher, Benedetto Croce. His 
position is that beauty is an attribute of that which expresses 
feeling. Music, as Plato recognized, expresses human emotion very 
vividly; it is Jento, vivace, con brio, etc. Beauty is seen in colors 
that are gay or somber. And there is the beauty of scenery: 


Bright robes of gold the fields adorn, 
The hills with joy are ringing, 

The valleys stand so thick with corn 
That even they are singing. 
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Clouds are lonely or angry; the morn is smiling; the oak is 
majestic; a mathematical theorem is elegant, its proof neat. 

Wordsworth said of poetry that it was “emotion recollected in 
tranquillity.” = 

Following Croce, then, we may take it that the aesthetic ex- 
perience supervenes when some material or mental entity, to which 
for that reason we attribute “beauty,” stimulates pleasurable 
emotion. 

Now emotions are regarded by psychologists as activities of the 
unconscious mind, so that the aesthetic experience is the resuscita- 
tion of subliminal emotions, and beauty is the power to evoke 
these emotions. This takes us into deep waters and we will postpone 
a discussion of the function of the unconscious in mathematical 
studies to a later chapter. 


UNITY IN VARIETY 


For a modern view of the nature of beauty we may turn again to 
J. Bronowski: 


When Coleridge tried to define beauty, he returned always to one deep 
thought; beauty, he said, is unity in variety! Science is nothing else than 
the search to discover unity in the wild variety of nature,—or, more 
exactly, in the variety of our experience. Poetry, painting, ne arts are 
the same search, in Coleridge’s phrase, for unity in variety.” 


A WORKING HYPOTHESIS 


A student who aspires to gain an insight into a philosophy of 
the beauty that is latent in mathematics should fortify himself with 
some form of working hypothesis concerning beauty in a wider 
context, with the help of modern views on the nature of the human 
psyche as developed by Sigmund Freud, Carl Jung and other 
psychologists. Such an hypothesis will not have the status of a 
theory. While it will, of course, require modification and amplifi- 
cation as new knowledge is gained, it is not thereby invalidated as 
a viable frame of reference, of which the function is to maintain a 
logical sequence among numerous data. 

Fundamental to such an hypothesis is the recognition that the 
aesthetic experience is an emotional, rather than a rational mental 
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activity. Merely to state this basic fact is to realize that we shall 
not make much progress in understanding without admitting the 
relevance of what has been called “the greatest discovery of the 
nineteenth century”—the subconscious mind. Though psycholo- 
gists have found this topic a fertile source of differences of opinion, 
they are agreed concerning its importance in interpreting mental 
activity. It is invoked to explain such phenomena as hypnotic 
trance, dreams, narcosis, dual personality, mental disorders and 
much more. Its value for our present purpose is that it provides a 
clue to the understanding of aesthetic feeling. 


STRUCTURE OF THE PSYCHE 


Psychologists often use the wider terms psyche and psychic in 
place of mind and mental, which are normally applied to the 
conscious mind only. Psychic activity is no less real than physio- 
logical activity: the psyche has its own structure and is governed 
by its own laws. A montage of the psyche as seen by the pioneer 
psychoanalyst Carl Jung would cover four main concepts: 


1. The conscious mind, or “surface” mind, the seat of conscious 
mental activity. 

2. The preconscious, sometimes pictured as forming the peri- 
phery of the conscious mind, sometimes as the stratum below the 
surface mind. Our memories of recent events, now removed from 
the focus of attention, are stored herein. From here they may be 
voluntarily recalled—recollected. 

3. The subconscious or personal unconscious. The conscious 
mind, according to Jung, is 


based upon and results from an unconscious psyche which is prior to 
consciousness, and continues to function together with, or despite 
consciousness.? 


The dipstick of introspection cannot plumb this layer of the 
psyche. Unconscious activity is only exceptionally recognized by 
the individual, despite the fact that unconscious motivation is one 
of the prime facts of life. In the unconscious are stored countless 
forgotten memories which, while they cannot be recalled at will, 
are nevertheless made manifest in dreams, in hypnotic trance and 
through other means. 
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4. The collective unconscious, according to Jung, forms a lower 
stratum of the psyche than the personal unconscious. It is the 
source of instinctive behaviour, an instinct being defined as “an 
impulse to action without conscious motivation.” Instinctive be- 
havior is inherited: it is determined by the history of the race. So 
are what Jung calls “ primordial images” or “archetypes,” which 
were formed at low mental levels during the tens of thousands of 
years of the evolutionary history of primitive man, our remote 
human ancestors, by the constant recurrence of universal emo- 
tional experiences common to all, e.g., the alternation of day, and 
night, seasonal changes, hunger and thirst, flight from danger, the 
mountains and the oceans, storm and tempest, the sanctuary of 
hearth and home. 


As a mnemonic, the structure of the psyche may be compared 
to an ocean island. The land above the water surface represents 
the conscious mind, the area uncovered at low tide depicts the 
preconscious; the vast, hidden mass of rock below the océan 
represents the unconscious which rises from an ocean bed standing 
for the collective unconscious. The scientists halt here, but the 
theologians (notably Tillich) speak of the deepest level of all, 
which undergirds the ocean bed, as “the ground of our being,” 
and equate it with God. 


EMOTIONAL ACTIVITY 


If we may assume that the evolution of psychic potentialities 
through geological ages has run parallel to the development of the 
nervous system and the brain, it would appear that, historically, 
emotional life which we share with the higher animals must precede 
intellectual development and be associated with the primitive 
parts of the nervous system. Incidentally, this also controls the 
visceral activities of the body and that is why a public performer 
afflicted with “nerves” sometimes has cause to observe the 
connection between his emotion and the activity of his intestines! 
We must accordingly conclude that the personal unconscious, as 
well as the collective unconscious, is the arena of the emotions as 
well as the storehouse of emotive memory complexes. 

Now, since the structure of the nervous system is inherited, it 
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is not unreasonable to suppose that the physiological conditions 
favorable to the animation of primordial emotions of the collective 
unconscious are also handed down from generation to generation. 
It is accordingly natural to postulate that the tendency of the 
psyche to make certain broad aesthetic judgments relating to the 
common human environment is inherited. H. J. Eysenck refers 
to the hypothesis, based on experiments, that 


there exists some property of the nervous system which determines 
aesthetic judgments, a property which is biologically derived.... One 
deduction, for instance, might be that this ability (aesthetic judgment) 
should be very strongly determined by heredity; there is already some 
evidence for this point of view... .4 


AESTHETICS 


Let us now turn from general considerations to the particular 
case of the emotion generated by the interaction between an object 
of beauty and an observer—the aesthetic feeling. If the foregoing 
sketch of a working hypothesis is on the right lines, then the 
aesthetic experience consists in the levitation from the unconscious 
to the surface mind of a memory complex activated by an associa- 
tion mechanism sequential to the visual or aural contemplation of 
the beautiful object. It is not difficult to guess the nature of these 
hidden memory complexes: they arise from the immemorial 
terrestrial environment of man. The complexity of this defies 
analysis, but it will make our meaning clear if we point to a few 
specimen experiences which have been familiar to both men and 
animals for a million years: (i) color contrasts, (ii) the gravita- 
tional field, (iii) bird song, human conversation and vocal music. 


i. Our pleasure in color is shared with some of the yerte- 
brates. Dr. W. H. Thorpe, describing the Bower birds of Australia 
and New Guinea, states that they build bowers for courtship with 


brightly coloured fruits or flowers which are not eaten but left for dis- 
play and replaced when they wither. . . . They stick toa particular colour 
scheme. Thus, a bird using blue flowers will throw away a yellow flower 
inserted by the experimenter, while a bird using yellow flowers will not 
tolerate a blue one.° 


Dr. Thorpe quotes Robert Bridges: “Verily it may well be that 
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sense of beauty came to those primitiv bipeds earlier than to man.” 
In that case we should not be surprised if mankind’s collective 
unconscious, carrying such an inheritance from the lower creation, 
is deeply stirred at the sight of flowers, a colorful sunset or a rain- 
bow, rousing the conscious mind, in due sequence, to the aesthetic 
response. 

ii. Apart from its colors, the gentle curve of the rainbow would, 
through association, stimulate memories stored in the collective 
unconscious by the ever-present phenomena of the earth’s gravi- 

_tational field—the lovely parabolic path of a flying stone, or spear 
or arrow, of the water drops of a fountain or cascade. All parab- 
olas have the same unique shape, of which the mighty circular arc 
of the rainbow is reminiscent. 

iii. Similar considerations apply to the beauty of music. Dr. 
Thorpe remarks that 


...it is perhaps plausible that the intervals which are acceptable to the 
human ear, as normal and natural for music, are in fact those intervals 
which were first offered to the ancestors of man by bird song. Other 
animals do not have much in the way of song; but the fundamental 
intervals of human and bird song are the same; and highly developed 
bird song was audible at man’s first appearance in time. Since man 
always had bird song all around, impinging on his ears, is it not reason- 
able to suppose that he developed a musical signal system by imitating 
the birds ?° 


MUSIC 


Music is the language of the unconscious mind par excellence. 
As we shall argue in chapter VI, primordial racial memories are 
brought to the surface more readily by music than by natural 
scenery or any other art; it seems to be possible to relate familiar 
features of music to archaic experiences of humanity. 

It is music that provides the strongest support for our thesis that 
aesthetic experience consists in the interaction between the uni- 
versal primordial images buried in the unconscious and an ex- 
ternal artifact or natural object which we call beautiful. 

The incomparable power of music to move a listener to the 
depths of his being is well-known; it will, on occasion, bring him 
to tears. What is the explanation of the power of this stimulus 
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which is unparalleled in the other arts? If our thesis is tenable it 
must be that music is for some reason an unusually effective agent 
for bringing to the surface archaic images and memories stored in 
the unconscious. As Jung remarks (see p. 77), ““The man who 
speaks with primordial images speaks with a thousand tongues... . 
That is the secret of effective art.”” Now musical expression can 
stimulate archaic emotional experiences very effectively—fear by 
agitato, mourning by molto legato, excitement by prestissimo, 
sanctuary by rallentando succeeded by the tonic or home note, and 
in similar ways. These universal emotionally charged experiences 
become effective when they are raised from the deep unconscious 
to the surface mind, and it happens that music, unlike any of the 
other arts, provides precise and powerful means of effecting this 
transfer. 

When a hypnotist induces a trance in a suitable subject, he 
finds a simple, potent method in making rhythmic passes with his 
hands in front of the subject’s eyes. This induces a light trance and 
increases the subject’s suggestibility. He will then be ready to 
accept almost any suggestion—even an absurd one—that the 
hypnotist makes. In particular, as Eysenck points out, 


Under hypnosis a person can remember things which in the normal 
state he would be quite unable to recall. In fact, it is suggested that 
under hypnosis a person can be “‘regressed”’ to an earlier age and that 
in this condition he will experience again the events which were happen- 
ing at that time and the emotions which they evoked in him.? 


In the case of music, the rhythmic movements of the hypno- 
tist’s hands are replaced by those of the conductor’s baton which is 
amplified by the rhythm of the music. When the “beat” is very 
strong, as in dance music among primitive tribes, the hearers be- 
come entranced. Even under the more familiar conditions of an 
audience listening to Western music, it may be presumed that most 
if not all listeners are under the influence of a very light trance 
which increases their suggestibility and facilitates the levitation of 
buried archaic images to the conscious mind. 

It is along such general lines that we may look for the “secret 
of the effective art” of music and an explanation of the aesthetic 
pleasure resulting from it. 

And now let us return to the consideration of the question of 


20 THE DIVINE PROPORTION 


whether beauty serves a purpose in the scheme of creation. We 
have already seen that it appears to serve no utilitarian end. Many 
of our instincts and associated emotions have been evolved to en- 
sure our bodily survival, but the emotion aroused by a physical 
object such as a cloud or a flower, or by a mental image such as an 
elegant mathematical theorem, has no such objective. The answer 
to the question which we posed in crude terms: “‘ What is beauty 
for?” appears to be elusive. So much is this so that one is inclined 
to doubt whether it has any purpose and to dismiss the matter by 
asking impatiently, “Must all things have a raison d’étre? Is not 
a thing of beauty a joy for ever, and, so far from being a means to 
an end, an end in itself?” 


AESTHETIC PLEASURE UNIVERSAL 


It seems to me to be important that we should have clear ideas 
in reference to this question, and I hope the reader, before he pro- 
ceeds to the chapters which follow, will give careful consideration 
to the point of view now to be described. At first glance it may 
appear that the contemplation and appreciation of the beauty of, 
say, a mathematical theorem is an unimportant, even trivial, 
activity. On the contrary, it is, properly regarded, one of great 
significance. It would seem to be unlikely, a priori, that the whole 
human race should be endowed with the faculty to enjoy beauty 
unless it achieved some noble consummation. “ Earth’s crammed 
with heaven and every common bush aflame with God” to some 
purpose, surely? The power to appreciate beauty appears to be a 
human endowment and this suggests that we should seek its origin 
and its purpose in human nature—in that nature which dis- 
tinguishes us from the animal creation. Thus, for an answer to our 
question, we are driven back to the explanation of our human 
nature given in Genesis 1, v. 26: 


And God said, Let us make man in our image, after our likeness. 


Here, I suggest, is the clue. Man is by nature a creator. After the 
likeness of his Maker, man is born to create: to fashion beauty, 
to originate new values. That is his supreme vocation. This truth 
awakens a resonant response deep within us, for we know that one 
of the most intense joys that the soul of man can experience is 
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that of creative activity. Ask the artist. Ask the poet. Ask the 
scientist. Ask the inventor or my neighbor who grows prize roses. 
They all know the deep spiritual satisfaction associated with the 
moment of orgasm of creation. 


CREATIVE ACTIVITY: EMPATHY 


This deep joy has been thought by some to be the principal aim 
of education—more, the chief end of human life. In The Education 
of the Whole Man, L. P. Jacks writes: 


What then is the vocation of the whole man? So far as I can make out, 
his vocation is to be a creator: and if you ask me, Creator of what?, I 
answer—creator of real values... .And if you ask me what motive can 
be appealed to, what driving power can be relied on, to bring out the 
creative element in men and women, there is only one answer I can 
give; but I give it without hesitation—the love of beauty, innate in 
everybody, but suppressed, smothered, thwarted in most of us... .® 


This inborn love of beauty, our human heritage, must find 
expression if we are to be happy. If the hunger for beauty remains 
unsatisfied, the effects are seen in loss of physical and mental 
health, so deep is the need. 

We now approach the final stage in the argument of this chapter. 
It underlines a truth which it is important that all students of mathe- 
matics should understand, but (it is to be feared) very few do. If it 
could be expressed in one word, that word would be empathy. The 
German equivalent is Einfiihlung— feeling into.” 

We have spoken of a common experience—the joy associated 
with any form of creative activity, which a man has as a conse- 
quence of his having been made in the image of his Creator. 
And we have interpreted the mystery of the nature and purpose 
of beauty by recalling the familiar fact that the inborn faculty of 
aesthetic appreciation constitutes the motive for the creation of 
objects of beauty. And now we have to meet the natural objection 
that many would raise: they have had no experience of creative 
activity. They have added nothing to the store of beauty, their own 
ideas have been neither new nor original. They have never known 
the luminous moment of inspiration which widened the bounds 
of knowledge. They can appreciate, but cannot create beauty. 
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The answer to this objection can be stated briefly. The act of 
creation and the act of appreciation of beauty are not, in essence, 
distinguishable. This is true whether the lovely object is a work of 
art, a musical composition or a mathematical theorem. In the 
actual moment of appreciation (“J see! Yes, indeed I see! How 
beautiful!”), the beholder experiences those precise emotions 
which passed through the mind of the creator in his moment of 
creation. With the help of the artist he himself shares the joy of 
creation. This important fact has been expressed with characteris- 
tic clarity by J. Bronowski: 


The discoveries of science, the works of art are explorations—more, 
are explosions, of a hidden likeness. The discoverer or the artist presents 
in them two aspects of nature and fuses them into one. This is the act of 
creation in which an original thought is born, and it is the same act in 
original science and original art... .[This view] alone gives a meaning 
to the act of appreciation; for the appreciator must see the movement, 
wake to the echo which was started in the creation of the work. In the 
moment of appreciation we live again the moment when the creator saw 
and held the hidden likeness....We re-enact the creative act, and we 
ourselves make the discovery again....The great poem and the deep 
theorem are new to every reader, and yet are his own experiences, 
because he himself re-creates them. They are the marks of unity in 
variety, and in the instant when the mind seizes this for itself, the heart 
misses a beat.? 


This passage, which illuminates the meaning of empathy, should 
be understood by all who seek the aesthetic experience. In particu- 
lar, the reader of the following pages, whether his interest is focused 
on the golden cuboid, or the dodecahedron, or the logarithmic 
spiral or the genealogy of the drone bee, should realize that, in the 
act of appreciation, he is re-enacting the creative act and, attracted 
by beauty, is experiencing himself the joy of creative activity. He is 
in fact, in Kepler’s phrase, “thinking God’s thoughts after Him.” 


Cm AST se" eR I I 


The Divine Proportion 


Geometry has two great treasures: one is the theorem of Pythagoras; 
the other, the division of a line into extreme and mean ratio. The first 
we may compare to a measure of gold; the second we may name a 
precious jewel. 


Kep er [1571-1630] 


Some of the earliest references to the pleasures of mathematics 
are linked with the name of the Greek philosopher, Pythagoras 
(569-500 B.c.), who observed certain patterns and number rela- 
tionships occurring in Nature. Whether or not he speculated con- 
cerning the simpler facts of crystallography, as some .writers 
declare, it is certain that he studied, and was very interested in, 
the dependence on its length of the pitch of the note emitted by a 
vibrating string. In particular, he noted the curious fact that the 
lengths which emitted a tonic, its fifth, and its octave, were in the 
ratio 2:3:4. The explanation of the order and harmony of 
Nature was, for Pythagoras, to be found in the science of numbers. 
He speculated that harmonious sounds were emitted by the 
heavenly bodies as they described their celestial orbits; this is the 


23 


24 THE DIVINE PROPORTION 


“harmony of the spheres,” a notion which Shakespeare found 
congenial (Merchant of Venice, V, i, 57): 


There’s not the smallest orb which thou behold’st, 
But in his motion like an angel sings, 
Still quiring to the young-eyed cherubins. 


It is noteworthy that one of the most harmonious combinations 
of notes, the major triad, has relative frequencies expressed in 
ratios of small integers, viz., 4:5:6. An explanation of this curious 
observation was advanced by H. L. F. von Helmholtz (1821-1894) 
on the, basis of the presence or absence of “‘ beats” between. the 
overtones of these notes. 

We shall see later (Chap. VI) that pleasure in mathematics is 
sometimes related to the appreciation of music. The experiments 
of Pythagoras are relevant to this, and it may turn out that there 
is a connection between the major sixth and the golden section. 


THE GOLDEN SECTION 


Another fact known to the school of Pythagoras was that there 
are five, and only five, regular convex solids, each of which could 
be circumscribed by a sphere: the tetrahedron, cube, octahedron, 


A 


Xi 


Fig. 2.1. Pentagon: diagonals 


icosahedron and dodecahedron. A taste for “the mysteries” led 
the ancient Greek to ascribe a special significance to the last- 
named of these: its twelve regular facets corresponded to the 
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twelve signs of the zodiac. It was a symbol of the universe. More- 
over, each pentagonal face, being associated with the golden 
section, had a special interest for the Pythagoreans. The point of 
intersection P of two diagonals divides each in the golden ratio 
(Fig. 2.1). P divides AQ and AB internally and QB externally in 
this ratio. Another fact within the knowledge of these ancient 
geometers was that the ratio of the radius of the circumcircle of a 
regular decagon to a side is the golden ratio. 

The problem of finding the golden section of a straight line is 
solved in Euclid II, 11. It has therefore been a topic of interest to 
mathematicians for more than twenty centuries. 

Let a line AB of length / be divided into two segments by the 
point C (Fig. 2.2). Let the lengths of AC and CB be a and b 


D a A a Cc b B 


nn! 


Fig. 2.2. Golden cut 


respectively. If C is a point such that /:a as a:b, C is the “golden 
cut”’ or the golden section of AB. 

The ratio //a or a/b is called the golden ratio. In the terminology 
of the early mathematicians AB is divided by C in “extreme and 
mean ratio.” Kepler called it “the divine proportion.” 

There seems to be no doubt that Greek architects and sculptors 
incorporated this ratio in their artifacts. Phidias, a famous Greek 
sculptor, made use of it. The proportions of the Parthenon 
illustrate the point (see Chap. V, Fig. 5.2). 


PHI 


Tt was suggested in the early days of the present century that 
the Greek letter $—the initial letter of Phidias’s name—should be 
adopted to designate the golden ratio. The ubiquity of ¢ (Phi) in 
mathematics aroused the interest of many mathematicians in the 
Middle Ages and during the Renaissance. In 1509 there was 
published a dissertation by Luca Pacioli, De Divina Proportione, 
which was illustrated by Leonardo da Vinci. Reproduced in a 
handsome edition in 1956, it is a “fascinating compendium of 
Phi’s appearance in various plain and solid figures?’? We shall in 
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following chapters come across many examples of the appearance 
of Phi in unexpected places. 

If, in figure 2.2, BA is produced to D where AD = a, then the 
following relationships hold: 

Since //a = a/b, 1-b = a*, and from (a/l) + 1 = (b/a) + 1 we 
obtain (/ + a)/l = I/a, i.e., BD/BA = BA/AD, so that A is the 
golden section of BD. 

The numerical value of Phi is easily calculated. In figure 2.2 let 
AC = x, CB = 1, so that AC/CB = x = Phi. 


=5, ie., 27-2 -—1=0. 


8 


The positive solution of this is 2 = (1 + /'5)/2 = 1.61803, 
giving the value of Phi to five decimal places. The positive solu- 
tion we shall denote by ¢, and the negative solution by ¢’. 

If, instead of CB = 1, we take AC = 1 and CB = 2’, then 


a’ +1 
1 


1 , 
=—,; 1.€., a’? + z’—-1=0 
x 


The positive solution of this is x’ = (V5 — 1)/2 = 0.61803. 
This, prefixed by the negative sign, we call ¢’. 

Thus, curiously, ¢’ turns out to be the negative reciprocal of ¢; 
that is, ¢-¢’ = —1. For 


+ LaeVed Vuh eth 


Phi is unique in this property: it is the only number, which, when 
diminished by unity, becomes its own reciprocal: 


s-1=3 ie, $-$-1=0 


Thus, ¢ and ¢’ are the solutions of x? — x — 1 = 0. We shall 
take ¢ to be the positive solution (1 + V'5)/2, and ¢’ to be the 


negative solution (1 — /'5)/2. It is evident from this, as it is 
from the properties of the roots of the quadratic equation, that 


$+¢'=1 and $-¢'=-1 
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TO DIVIDE A STRAIGHT LINE IN THE GOLDEN SECTION 


Let AB (Fig. 2.3) be the given straight line. Draw BD = AB/2 
perpendicular to AB. Join AD. 

With center D, radius DB, draw an arc cutting DA in E. With 
center A, radius AE, draw an arc cutting AB in C. 


D 


F 


Fig. 2.3. Golden section: geometrical construction 


Then C is the golden section of AB. 
The proof that AC/CB is the golden ratio is left to the reader. 


MULTIPLES OF THE ANGLE 7/5 (36°) 


The method described above of dividing a line in the golden 
section suggests a method of constructing an angle of 36° with 
ruler and compasses. 

With center C (Fig. 2.3), radius CA, describe an arc. With the 
same radius, center B, cut the arc in F. Join A, B, C to F. 

Then / BAF = 36°. Also / CBF = 72° and / ACF = 108°. 

The proof depends on showing that FA/FB = CA/CB, so that 
FC bisects / AFB. 

It is then easily proved that AF = ¢- AC. 
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THE PENTAGRAM STAR 


The number of regular polygons which can be constructed in 
two-dimensional space is unlimited. The number of regular convex 
polyhedra in a space of three dimensions is five. How many 
regular four-dimensional figures are possible? 

The Pythagoreans, who were interested in such matters, 
regarded the dodecahedron as being worthy of special respect. By 
extending the sides of one of its pentagonal faces to form a star, 
they arrived at the pentagram, or triple triangle, of figure 2.4, 
which they used as a symbol and badge of the Society of Pytha- 
goras. By this sign they recognized a fellow member. 

It is a rich source of golden ratios. The following 12 properties 


Fig. 2.4. Pentagram or triple triangle 
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are easily verified, taking R, r as the radii of the circumcircles of 
the pentagons A’B’C’D'E’ and P, Q, R, S, T respectively, and 
PQ as of unit length. 


tear =o 
ii. OA/r = $/2 
iii. OA'/r = ¢* 


iv. OA'JOA = 2¢ 
yv. A diagonal such as QS has length ¢. 
vi. If X is the point of intersection of two diagonals PR, QS, 


SX Px BX 
¥o-* R=? and zr? 


vii. If SQ produced meets A’B’ in V, then, since VQS is parallel 
to A’D’, 
VA ~ OP ~ xr sp? 


viii. The lengths of the six segments B’D’, B’S, B’R, RS, RX, 
XZ are in geometric progression. 


BD =¢ 
B'S = ¢" 
BR=¢ 
RS =1 
RX = ¢7! 
XZ = ¢~? 
H 
of | S 
| a 


p T 


Fig. 2.5. Folded pentagram 
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The series is also an additive series: the sum of two consecutive 
members equals the next, e.g., 6 + ¢? = ¢°. 

ix. The length of a side of the pentagon A’B’C’ D’E’ is ¢?. 

x. R/r = ¢. 

By folding A.A’PQ about PQ and treating the other corre- 
sponding triangles similarly, so that A’, B’, C’, D’, E’ meet in H, 
(Fig. 2.5) we have a pyramid of height OH. 

xi. OH/OA = 2 

xii. OH/r = 4 


THE PYTHAGOREAN BROTHERHOOD 


The pentagram star was also regarded by members of the 
ancient society of Pythagoras as a symbol of health. Probably the 
five angles were denoted by the letters YTI@A, the Greek word 
for health (© standing for the diphthong EI). 

A Greek writer, Iamblichus, tells us that a member of the Pytha- 
gorean fellowship, while travelling far from home, stayed one 
night at a wayside inn. He fell ill, and despite the care of a sympa- 
thetic landlord, who tried at considerable expense to restore him 
to health, he died. Before his death, recognizing that his situation 
was desperate and being unable to compensate his host, he had 
obtained a board and on it had inscribed a pentagram. Giving this 
to the landlord he had requested that it might be fixed where all 
passers-by would see it. In due course a traveller riding by saw the 
symbol. Dismounting he made enquiries and, on hearing the 
story of the landlord, generously recompensed him. We may 
assume, I think, in view of his generous and disinterested treat- 
ment of a wayfaring student, that the landlord made no further 
use of the board inscribed with the triple star. 

A rectangle, the sides of which are in the golden ratio, is called 
the golden rectangle. Its shape appears to have aesthetic attrac- 
tions superior to that of other rectangles. The evidence, based on 
experiments in psychology, is presented in chapter V. Whatever 
the truth of the matter, there seems to be no doubt that Greek 
architects made use of this form in their designs. An example 
is seen in the representation of the Parthenon in chapter V 
(Fig. 5.2). More significantly, the golden rectangle is associated 
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in a natural way with four of the five regular convex solids known 
to the Greeks. 


THE FIVE PLATONIC SOLIDS 


The Greeks took a mystical view of the five regular solids. This 
is hardly surprising for the forms are beautiful in themselves. No 
mathematical sophistication is needed for the appreciation of the 
charm of their outward appearance: that is the given element of 
their beauty. By contrast, that which is acquired by training and 
education demands considerable mental effort. 

The five regular solids were treated by Euclid in Book XIII of 
the Elements but are associated with the name of Plato because of 
his efforts to relate them to the important entities of which he 
supposed the world to be made. The aura of mysticism with which 
the Greek geometers surrounded them persisted until the dawn in 
the sixteenth century of the scientific era. But the aesthetic appeal 
of what are still known as the Platonic solids is undiminished. 
Next to the writer’s chair, for some years past, there has stood a 
small dodecahedron of white china! 

We are now confronted with our first example of beauty in 
mathematics. The facts have been common knowledge among 
mathematicians for 2000 years. Much evidence of their aesthetic 
appeal in the past is on record. 

The first point to note about the regular Platonic solids shown 
in figure 2.6 is that they are precisely five in number. A little 
thought shows that, while an infinite number of polygons may be 
drawn on a plane surface, it is not possible to construct more than 
five regular polyhedra in three-dimensional space. The surface of a 
regular polyhedron is bounded by congruent regular polygons. 
The’simplest polygons that can form the surface are the equilateral 
triangle, the square and the pentagon. It is clear from figure 2.6 
that we cannot form the corner of a polyhedron with fewer than 
three faces and that a corner may be formed by joining three, four, 
or five equilateral triangles. With six such triangles, the corner 
flattens into a plane. The same will happen if four squares are 
united. Similarly, three regular pentagons at a corner is a maxi- 
mum. But hexagons, and polygons with more than five sides are 
all ruled out. This argument for the limitation to five regular 
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Fig. 2.6. The five Platonic solids 
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solids is the source of Euler’s formula V + F = E + 2, where the 
letters stand for the number of vertices, faces, and edges re- 
spectively. 

The second point of interest is that two pairs of the Platonic 
solids are reciprocal and the fifth is self-reciprocating in this 
sense: if the face centers of the cube are joined, an octahedron is 
formed, while the joins of the centroids of the octahedron sur- 
faces form a cube. Similar relationship holds between the icosa- 
hedron and the dodecahedron. The join of the four centroids of 
the tetrahedron’s faces makes another tetrahedron. 


Fig. 2.7. Icosahedron 


The third noteworthy feature is the relationship of the two pairs 
of reciprocal polyhedra to the golden rectangle (Figs. 2.7 and 2.8). 

The Icosahedron. The twelve vertices of a regular icosahedron 
are divisible into three coplanar groups of four. These lie at the 
corners of three golden rectangles which are symmetrically 
situated with respect to each other, being mutually perpendicular, 
their one common point being the centroid of the icosahedron 
(Fig. 2.7). 

The Octahedron. An icosahedron can be inscribed in an 
octahedron so that each vertex of the former divides an edge of the 
latter in the golden section. 

The Dodecahedron. The centroids of the twelve pentagonal 
faces of a dodecahedron are divisible into three coplanar groups of 
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four. These quadrads lie at the corners of three mutually perpen- 
dicular, symmetrically placed golden rectangles, their one com- 
mon point being the centroid of the dodecahedron (Fig. 2.8). 

The aesthetic appeal of the topics of this chapter cannot be 
doubted. Whether we can explain it or not, the fact that they have 
been enjoyed by sixty generations of men is good evidence. 
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Fig. 2.8. Dodecahedron 


It should be realized that we have only examined the surface 
of the subject. One of the ingredients of beauty in mathematics is 
its depth. Even in these familiar waters, “full many a gem of 
purest ray serene” awaits discovery by the explorer. There appears 
to be no limit, as Sir Edwin Arnold affirms in The Light of Asia: 


Shall any gazer see with mortal eyes 
Or any searcher know with mortal mind— 
Veil after veil will lift—but there must be 
Veil after veil behind. 


Cs B- & PT) BEociR Pitt 


Analysis of Beauty 


When one is exploring unfamiliar country and, rounding a corner, 
gains suddenly a prospect of some well-remembered landmark; or 
when, engulfed in a crowd of strangers, one is suddenly confronted 
by the face of a friend, the reaction is often a feeling of surprised 
gratification. If the emotion evoked by the unexpected appearance 
of a familiar mathematical artifact is strong enough, we may feel 
that the artifact is “pleasing” or even “beautiful.’” Accordingly, 
surprise may be considered to be an occasional ingredient of 
mathematical beauty. 

We may surmise that the sudden emergence from a mathemati- 
cal process of a familiar concept or symbol in an unexpected 
relationship will sometimes evoke a faint pleasurable emotion, 
and, afflicted as we often are by the poverty of our vocabulary and 
incapable of describing our mental reaction more precisely, we 
may describe the novelty as “beautiful.” An illustration of this 
may be useful. 

Consider a sequence of integers formed according to the 
following rule: 


Uy 2 Uy, = Une 
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Such a sequence is: 
1, 3, 4, 7, 11, 18, ---, where u; = 1, uw, = 3 and so on. 


This is known as the Lucas sequence. 
From this we obtain 


4433/39 = 5781196/3570847 (a) 


Take at random any other sequence formed according to the same 
rule: 
ae —3, +4, 1, 5, 6, 11, 17, 28, 45, --- 
From this, 
Ups/U2r4 = 160996/99501 (b) 

The first ratio (a) is 1.618---, but the second ratio (b) derived 
from a randomly chosen pair of initial terms is also 1.618---. In 
fact, for all values of n sufficiently large, any sequence formed 
according to the given rule produces the same results to three 
decimal places: 

Una 1/Up = 1.618 


SURPRISE, WONDER, CURIOSITY 


The sense of surprise which this occasions is increased when it is 
realized that this ratio u, , ;/u, approximates more and moreclosely 
to the golden ratio as n is increased, whatever may be the two 
initial terms. In fact, 


lim u, 41/4, = ¢ 
n—->o 

A pretty result? What constitutes the essence of the aesthetic 
appeal of this outcome of simple mathematics? We seem to have 
no single word for it. It appears to be compounded of a mixture of 
archaic emotions. There is surprise at the unexpected encounter ; 
there is also both curiosity and wonder—making three of the 
flavors included in the idea of beauty. Curiosity: because one 
craves to understand why Phi, which permeates the pentagram 
and is at home in Platonic polyhedra, should also be the limit of 
a ratio initiated so casually and generated as described above, 
a series which is apparently not even remotely related to the 
geometry of the Greeks. Wonder: because the conviction grows 
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stronger that we have chanced on an unexplored world which, 
like the universe around us, appears to have no boundaries. 
There must, we speculate, be other discoveries to be made here 
by the inquiring mind. Suppose, for example, we chose negative 
numbers as the first two members of our sequence: u, = —1, 
uz = —5, ---, etc. We should find that dividing the greater by 
the lesser would give us (for example) 


Uy;/U;2 = —309/—500 = 0.618 
and so we should suspect that 


lim u,/u,,;= 4% — (i.e., 1/6) 
And we should be right. 
The reader may care to discover for himself, by similar, simple 
numerical approximations, what would be the result of deducting 
unity from 


lim Un+ [Uy _ 1 
n> 


STATUS OF PHI 


What is the status of this small corner of the world of mathe- 
matics ? Does it belong to the physical world? Are we to regard 
Phi as a “constant of nature”’? Such constants appear often in the 
equations of the theoretical physicist. A familiar example is c, 
the velocity of electromagnetic radiation, such as light, in matter- 
free space. Another example is Planck’s constant, A, useful in the 
study of the atom, its nucleus, and its radiation. A third example 
is e, the elementary electric charge. This is not of course the same 
as é, the base of natural logarithms, but is it of the same genus? 
is it of the same world? has it the same sort of reality? 

We meet with 7 in trigonometry, in the geometry of a spherical 
raindrop, in probability theory, as the sum of an infinite series and 
in other situations. We meet with i = V —1 in complex numbers 
and in the theory of alternating electric currents. We come across 
the three combined in the remarkable equation 
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The question of mathematical reality is touched on by G. H. 
Hardy in his delightful essay A Mathematician’s Apology. After 
admitting that neither mathematicians nor philosophers agree on 
the “‘nature of mathematical reality,” whether it is mental, con- 
structed by ourselves, or outside and independent of us, he pro- 
ceeds: 


A man who could give a convincing account of mathematical 
reality would have solved very many of the most difficult problems of 
metaphysics. If he could include physical reality in his account, he 
would have solved them all. 

I should not wish to argue any of these questions here even if I were 
competent to do so, but I will state my own position dogmatically in 
order to avoid minor misapprehensions. I believe that mathematical 
reality lies outside us, that our function is to discover or observe it, and 
that the theorems which we prove, and which we describe grandilo- 
quently as our “creations,” are simply our notes of our observations. 
This view has been held, in one form or another, from Plato 
onwards... .! 


MATHEMATICS: A LANGUAGE 


No one would dispute that mathematics is a language. It is the 
language of the exact sciences. Its “words” are well defined. A 
serious “essay” expressed in mathematical symbols has a tang of 
poetry about it for the cognoscenti. The written language of 
mathematics has evolved in the course of time into an efficient 
shorthand. A wealth of ideas can be expressed in a very economi- 
cal manner. An example has just been given: 


and this shorthand is, of course, intelligible to students with the 
requisite training. 

The following passage, culled from George Temple’s broadcast 
on “The Nature and Charm of Mathematics,” as published in 
The Listener, is relevant here: 


There is one question on which mathematicians are sharply divided. 
It is the fundamental question as to what mathematics is.... I have 
maintained that mathematics is the language of physics. . .. Then what 
becomes of pure mathematics? .. . a language can be considered in at 
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least two different ways, either in relation to the purpose which it 
serves as a medium for the expression of ideas or in relation to its 
internal structure. The study of linguistic relations as revealed in 
grammar, syntax, and in comparative philology is a vital and necessary 
element for the appreciation of any language. I venture to make the 
suggestion that pure mathematics is in fact the philological aspect of the 
language of physics. 

There is a great deal to be said for this point of view if we consider 
the dominant characteristics of pure mathematics. These may be 
summarized as consistency, coherence, abstraction, and creativeness. 
It is almost a truism to say that the pure mathematician is not in- 
terested in the truth of his statements, but only in their internal con- 
sistency. It is as true that the practical physicist can be just a little 
impatient of the need for perfect consistency. . . . 


UBIQUITY OF PHI 


The status of PAi is not unlike that of 7, since, as will be exem- 
plified in the following pages, it not only crops up in Hardy’s 
mathematical reality that “lies outside us,” but it reveals itself in 
the world of nature, associated with phyllotaxis, with the patterns 
of florets in flowers of the composite family such as the sunflower, 
with the shape of the nautilus sea shell, and with other natural 
objects. 

One may set out to attack a simple problem in pure mathe- 
matics, with no thought of the golden section, only to find that 
Phi fills an important role in the solution! We have already met 
an example in chapter II (Fig. 2.5), when we created a pyramid 
from a pentagram and (in Hardy’s phrase) made a “note of our 
observation” of its height. This experiment (original, though 
unlikely to be new!) was rewarded by the discovery that the ratio 
of the height to the radius of the circumcircle of the base was Phi. 
A pleasant result, recalling a definition of beauty as “that which 
pleases in contemplation.” 


PHI IN TRIGONOMETRY 


Similar, though more difficult, examples of the ubiquity of Phi 
are found in the inscribed triangle problem of chapter VII (p. 93) 
and in the tetrahedron problem of chapter VIII (p. 108). 
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As a simple example let us solve the equation: 
sin 20 = cos 38 


Can you see Phi lurking in these innocent symbols? Since the sine 
of an angle is the cosine of its complement, 26 + 38 = 7/2 or 
6 = n/10. 

The equation may be reduced to 


4sin*? 6+ 2sin@é-—1=0 


Thus, * sin 18° = 4(V5 — 1)/2 or —4(V5 + 1)/2. Taking’ the 
positive value, 


sin 18° = —¢'/2, whence cos 36° = 1 — 2sin? 18° = ¢/2 


THE GOLDEN TRIANGLE 


These and similar results are collected in figure 3.1 and the 
table that follows: 


Angle (2 sin)? (2 cos)? 
7/20 9° | 2-Ve42 | 24 VEs2 
7/10 i. | es e+2 
3a/2D. BH) ly Duan Vet 2 ee ge 2 
n/5 ae a Ee oti 
n/4 ao | tae o+¢' 
30/10 54° | G6 +1 2 
lO rej 3°] 2 AME er lend VE MS 
2n/5 og Oe aera) ree 


92/20 81° 2+ Vd+2 2— Vd+i2 


The solutions of the equation 27 — x — 1 = 0 have been given 
as 
@¢ = 1.61803 ¢+¢'=1 and ¢-¢’=-—1 


¢ = —0.61803 ¢%=¢+ 1 = 2.61803 
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Fig. 3.1. Golden triangle 


The following ratios are easily derived from figure 3.1: 
AABC: ABD: ADBC = ¢*:4:1 


Hea 
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The following exercises in plane geometry are for students who 
have read the elements of the subject. They constitute simple 
additions to our anthology and are examples of the unexpected 
out-cropping of the golden section. 


EXERCISE I 


Pisa point on the chord AB of a circle such that the tangent PT 
which touches the circle at T is equal to AB. Find the numerical 
value of the ratio AP: AB. 


‘ 


Fig. 3.2. Tangent problem 


Using figure 3.2, PT? = AP-BP, i.e., AB? = AP(AP — AB), 
whence 


AP* — AP-AB — AB* =0 


or 
AP\? (26) 
icy eee = PE ars 
(5) AB ° 
Thus 
AP _ 14V5_ 
P) eek ay 


If Cis a point in PA such that PC = PT, find CA/CB. 
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We have AP/AB = 4, so that 


OS 
C24 00° 


But PB = CA. Hence 


_2CA+ BC 2m+1 


a= CA+BC a+1 
where 
CA 
Ch “ 
Thus 
¢—1 
«= —— 
2-¢ 
By substituting (1 + +/5)/2 for 4, we obtain « = 4. Hence 
i 
an. AC BC 
It follows that 
AP Ae , ae 
go” 70 a ge ~* 


EXERCISE II—A FAMILIAR TRIANGLE 


A well-known triangle of ancient fame was used by Egyptian 
surveyors for registering a right angle. A cord was divided by 
knots into three segments in the ratio 3:4:5. When the ends are 
brought together to form a triangle, the angle subtending the 
5-unit segment is a right angle. 

Children learn this fact in school, but how many college 
students, even, realize that their old friend, the 3-4-5 triangle, is a 
hiding place for Phi and a few of its Fibonacci approximations? 

Figure 3.3 shows a 3-4-5 triangle ABC. Using its labels, let the 
bisector of / C meet AB in O. With center O, radius OB, describe 
a circle. It is easily seen that the hypotenuse CA is a tangent: let 
it touch the circle at B’. Join BB’, let CO cut the circle in Q and 
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BB’ in R. Let CO produced meet the circle in P. Then the follow- 
ing lengths of segments may be read off: 
BC =3, AB=4,- CA=5, AB =2, BC=3 
Because CO bisects /C, AO/OB = AC/BC = 4; hence 


AO = 4, BO = 3. The line CQROP is made up of the following 
segments: 


PO =3,0R = 45V5, RO = 3 VV — 1), OC = (V5 — 1) 


Fig. 3.3. The 3-4-5 triangle 


Also: 
CP = 3(1 + V5)/2 = 3¢ 
CO = 3(V5 — 1)/2 =—3¢' 


Successive Fibonacci approximations to Phi may be derived 
from the figure: 


BC/BQ =%, B'C/AB'=%3, AO/OB=%, AB/BO =% 
Also: 
CP/PQ=¢4¢, PQ/CQ=¢, OR/RQ = 4/2 
Thus Q divides CP in the golden section. 
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EXERCISE III—CONE PROBLEM 


The circumference of the base of a right circular cone, of which 
the semi-vertical angle is 54° and the slant side measures one foot, 
is 7¢ ft., and the curved surface is 47 sq. ft. 

The proof of this, with the help of the table on p- 40, is left to 
the reader. 


EXERCISE IV—THE FIVE DISCS PROBLEM 


The following problem, solved by E. H. Neville,2 makes an 
attractive addition to our anthology: 

Five equal discs of unit radius are placed symmetrically as 
shown in figure 3.4 so that their centers form the corners of a 


Fig. 3.4. The five disks problem 


regular pentagon and their circumferences all pass through the 

pentagon’s centroid O. What is the radius of the largest circular 

area covered by the five discs, i.e., What is the length of OA? 
The answer is 4’, the reciprocal of Phi! 


Chr A PP Ebk ry 


Phi and Fi-Bonacci* 


We have seen in the last chapter that Phi, conformably with its 
character of turning up unexpectedly in odd places, is connected 
with any sequence of integers formed according to the law that 
each term is the sum of the two preceding terms, whatever the first 
twoterms maybe: u,,,; = U, + u,—;- The ratio of successive terms, 
Up +1/U,» approximates more and more closely to Phi as n increases. 
We may take as a random example 5 and 2 as the initial terms, wu; 
and u>, giving the sequence 


5, 2, 7, 9, 16, 25, ++ -, 280, 453,733, -»*, 13153, 21282, - - - 


from which we may determine approximations to Phi: 


16/9 ge BITE se 
453/280 = 1.6178--- 
733/453 = 1.6181--- 


21282/13153 = 1.61803--- 


This process brings us closer and closer to the value of Phi, 
which is (1 + /'5)/2. This value, to seven decimal places, is 


* Filius Bonacci, son of Bonacci, shortened to Fibonacci. 
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1.6180340. A few calculations will show that the approximations 
oscillate, being alternately greater than and less than Phi: 


453/280 = 1.6178--- < ¢, 733/453 = 1.6181--- > ¢. 


In the absence of any restriction on the two initial members of 
the series, we may begin with the simplest; and this gives the 
Fibonacci series, so called by Edward Lucas in 1877: 


0, l, 1, 2, EF » 8, La! yA en 


THREE METHODS OF CALCULATING 


Using the Elliott 803 computer of Bath University, which reads 
the Algol computer language, the writer was able, by kind per- 
mission of the mathematics department, to prepare a program in 
the Algol language for calculating Phi to as many places as he 
required at the time. It is interesting to compare the speeds of the 
three methods of performing the calculation which are available 
today. 

To calculate ugo/t39 = 102,334,155/63,245,986 by the hand- 
writing methods available since the day of Fibonacci, and to check 
the result, would occupy a time measured in hours. To perform 
the same operation by the use of his “ Britannic” desk calculator, 
the writer required a period measured in minutes. Using the Bath 
University computer he achieved the same end in a matter of less 
than 5 seconds. 

An IBM 1401 computer operating in California’ produced 
Fibonacci numbers 4000 digits in length. The article quoted gives 
the following interesting results: 


TERM OF FIBONACCI SERIES NO. OF DIGITS 
476 100 
Ugs4 200 
1433 300 
Uyjo11 400 
411003 2300 
411004 2300 


a) 


419137 4000 
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The value of Phi was determined from the ratio 1; 1094/%#11003> 
each number containing 2300 digits, which are reproduced in full 
in the journal. No desk calculator could cope with this simple 
division problem. The reader may care to estimate how long it 
would take him, using pencil and paper, to determine Phi to 4600 
places by performing a simple division in which there are 2300 
digits in the divisor, 2300 digits in the dividend and 4600 digits in 
the quotient. The computer performed this gigantic calculation in 
20 minutes. It was then checked by inversion of the fraction. The 
digits of u,,,/u, are identical in every place with u,/u, ,, except 
that the former begins with 1.6180- - - and the latter with 0.6180- - - 
The two ratios were found to coincide to 4598 decimal places. This 
is a vivid illustration of the accuracy and speed of working of a 
modern electronic computer. 


A GEOMETRIC FALLACY 


Another illustration of the connection between Phi and the 
Fibonacci series relates to an old geometric fallacy which is 
illustrated in figure 4.1. Construct a square whose side has a 


Area = 8x 21= 168 


Area=13%=169 


Fig. 4.1. Geometric fallacy (i) 


length equal to the sum of two consecutive Fibonacci numbers. 
The figure shows 5 + 8 = 13, but 21 + 34 = 55 would do 
equally well. Dissect the square into the sections indicated and fit 
them together to form a rectangle. It is found that the areas of the 
square and the rectangle differ by 1 unit. Which is larger depends 
on the Fibonacci numbers selected. In the example of figure 4.1, 
the square is larger than the rectangle by 1 unit. If, however, 
instead of 5 + 8 we had chosen 21 + 34, we should have found 
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that the rectangle was larger than the square by 1 unit. This 
corresponds to our discovery that consecutive ratios formed 
from an additive series are alternatively greater than and less than 
Phi. 

The explanation of this paradox is that the fit along the diagonals 
of the rectangles is not exact. Sometimes there is a gap of 1 square 
unit and sometimes an overlap of 1 square unit. 


THE GOLDEN SERIES 


But there is one additive series (and only one) which produces 
an exact fit. It is a series which makes use of the golden section. It 
may appropriately be called the golden series: 


1,¢,1 + $, 1 + 24,2 + 34,3 + 5¢,--- 


If we construct a square the length of whose side is equal to the 


2041 


Aled = (2041) 43042 


or 
Area = (@+1)430+2 


Fig. 4.2. Geometric fallacy (ii) 


sum of any two consecutive numbers from this series, the fit will 
be exact: the areas of the square and rectangle will be equal. This 
is shown in figure 4.2. If we had chosen 1 + 24 and 2 + 3¢ as two 
consecutive numbers of the series, we should have found (remem- 
bering that ¢? = ¢ + 1): ae 


area of square = (3 + 5¢)* = 55¢ + 34 
area of rectangle = (5 + 84¢)(2 + 3¢) = 55¢ + 34 


REMARKABLE PROPERTIES 


The reader would have no difficulty in forming an additive 
series, that is, one which connects three consecutive terms accord- 
ing to the formula: u,,,; = u, + u,_,. Nor would he find it 
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difficult to form a geometric series, i.e., one in which the ratio of 
any term to the preceding term was a constant for the series: 
U,,.1/U, = constant for any value of n. He would forma geometric 
progression, such as I, 3, 9, 27, 81,---. But suppose the demand 
were to form a series possessing both these properties simul- 
taneously? Not so easy! 

There is, however, one such series, and only one. It is the golden 
series : 

1,¢,1 + 4,1 + 24,2 + 34,3 + 54,5 + 84,--- 


. This clearly possesses the additive property mentioned above. 
That it has also the second property follows from the fact that ¢ 
is a solution of the equation a” —~a—1=0,sothat 1+ ¢ = ¢’; 
It is easily deduced from this that the golden series may also be 
written thus: 


1, 4, ¢,¢°,¢°: = 


Each member of the series is positive. But since ¢’ is also a 
solution of the equation «7 — x — 1 = 0, so that 1 + ¢’ = $”, 
there is a corresponding negative series having the same proper- 
ties. It is an oscillating series, its terms being alternatively positive 
and negative: 


1,¢’,1 a ¢', 1 a 2¢', 2 ae 34’, 3 + 54’, 5 ae 84',-°+ 
Because ¢’ = ¢’ + 1, this may be written: 


1, ¢’; ¢”, ¢”, ¢", 4”, ¢’° eS 


AESTHETIC CLAIM 


The aesthetic appeal of the relations described in the few 
preceding paragraphs is necessarily reserved for those who have 
had some mathematical training. If the reader will glance back 
over these sections and recall the main points, he may be assured 
that his acquaintance with the muse of mathematics is but slight 
if he discovers no satisfaction at all either in observing that Phi is 
related not only to the Fibonacci series but also to any additive 
series whatever which is formed according to the same rule; or 
in the power of Phi to resolve convincingly the mystery of an 
ancient paradox; or in the simplicity and uniqueness of another of 


PHI AND FI-BONACCI 51 


the properties of Phi expressed in the “golden series.”’ But it may 
perhaps be taken for granted that the reader who has reached this 
point has resources for appreciation beyond those required for 
mere comprehension. 

The conclusion might well be that the claim to beauty by the 
golden section and cognate topics has a man-made, a purely 
artificial basis, that its appreciation is an acquired taste, that the 
properties of this remarkable mathematical constant may have an 
interest for the mathematically wise and prudent but can never be 
revealed to babes. But the matter is not quite so simple as this. 
For we shall find (Chaps. XII and XIII) that the Fibonacci 
series, so far from being purely artificial, has connections with 
familiar natural phenomena and that the golden section, appro- 
priately displayed, appears to have an immediate artistic appeal 
which demands no preliminary mathematical education. To 
amplify this, it is convenient to make a digression here and 
anticipate certain ideas discussed later and more fully in reference 
to. the psychology of artistic appreciation. 


THE DIVINE PROPORTION AND THE MAJOR SIXTH 


Art appreciation is based on two distinct factors, one inherited 
and the other dependent on education, one from nature, the other 
from nurture. The former is instinctive, based in the racial un- 
conscious as described by Jung (p. 177). The latter, the educative 
factor, is developed by training. Hunger is instinctive, but the 
taste for mother’s milk, which is independent of any conscious 
education, can by training be developed into a partiality for sauer- 
kraut or Gorgonzola cheese. As another example, consider the 
pleasure induced by a simple rhythmic beat. This, familiar even to 
babes and primitive men, involves no ingredient of conscious 
education, being part of the universal mental inheritance of 
the race, related possibly to the rhythmic motion experienced by 
the unborn child in the comfortable security of the womb. But the 
complex rhythmic pattern produced by expert African or Indian 
drummers demands training for its artistic understanding. 

Now there are certain simple patterns both in mathematics and 
in music which demand only a minimum of artistic education for 
their appreciation as objects of beauty. In mathematics, the circle, 
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the ellipse, the square; in music, simple musical intervals, can 
stimulate some emotional response with negligible preliminary 
training. 

A rectangle, the lengths of the adjacent sides of which are in a 
ratio which is exactly or close to ¢:1, appears to afford a greater 
measure of satisfaction to a majority of people than do rectangles 
of different proportions. This was realized by the ancient Greeks, 
whose architecture incorporates features bearing witness to it. In 
recent times their observation has found empirical support in the 
experiments of the German psychologist Gustav Fechner (see 
Chap. V). Why this particular rectangle, which we may call 
“the golden rectangle,” is preferred even to the square, or to the 
double square or to any other, is not understood. And when 
a matter is not understood; when, as in this case, no conceivable 
grounds for the preference are apparent ; when a rational explana- 
tion is not even in sight; then scepticism concerning the facts 
arises. Accordingly, it is not surprising that many writers have 
dismissed the whole subject as nonsense. Nevertheless, it is diffi- 
cult to believe that the alleged superiority of the golden rectangle, 
incorporated in ancient art, endorsed by Kepler, who wrote about 
“the divine proportion,” and supported as it is by many modern 
experiments, is entirely without substance. It is wiser to regard 
this difference of opinion as just another example of the notorious 
difficulty of finding a rational explanation for aesthetic prefer- 
ences. But the difficulty of accounting for a phenomenon does not 
invalidate its reality. 

With some hesitation I venture to offer at this juncture a tenta- 
tive explanation of the charm which the divine proportion holds 
for many people. It may appear to be far-fetched, but at least it 
brings a curious coincidence into relief. 

What is the immediate experience of an observer confronted 
with the golden rectangle (Fig. 4.3)? However complex physio- 
logically the act of seeing an object may be, the estimation by the 
eye of the relative lengths of the two adjacent sides of the rectangle 
is ultimately reducible to the instinctive measurement of the rela- 
tive duration of two time intervals. What is subconsciously 
apprehended is the ratio of the time that would be required for the 
line of vision to swing from A to B to that of the time required to 
pass from A to D, these intervals being instinctively measured by 
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one of the body’s internal clocks. We may look at it in this way. 
While the focus of vision passes from A to B, a certain number of 
nerve impulses travel along the optic nerves in a period of time 
which is instinctively correlated with the muscular effort of the 
eyeball. In this way the experience of a space interval is reduced to 
the more immediate experience of a time interval. For example, 
the recognition that a figure is a square involves the realization, 
acquired by practice in early life, that the two time intervals in- 
volved are equal. Our problem is accordingly reduced to the 


A 1 D 


B Cc 


Fig. 4.3. Golden rectangle 


question of why the ratio of the two time intervals corresponding 
to the lengths AB: AD = ¢:1 is a source of pleasure. 

The observation offered here is that it may be related to the 
well-known fact that certain musical intervals are more acceptable 
by the mind than others because they are more harmonious. Three 
such intervals deserve special mention (excluding zero interval, 
i.e., two notes sounded in unison): the octave, the major third and 
the major sixth. These appear to be universally acceptable. Note 
that the last two intervals, having practically identical series of 
harmonics, are not always easily distinguished. 


ESTIMATION OF PITCH 


Now the estimation of pitch by the ear involves in some way the 
mental measurement of a time interval. However complicated 
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physiologically the hearing process may be, when “middle c” 
(frequency f = 256 c/s) is heard, the essential fact is that a stream 
of pressure zones strikes the ear-drum and produces a corre- 
sponding stream of nerve impulses which are interpreted by the 
brain to correspond to time intervals of 1/256 second. Again, 
the immediate experience is of time intervals, measured against 
the body’s internal clock, the length of the interval determining 
the pitch of the note. When the note which is an octave above 
middle c (c’: f = 512 c/s) is sounded, the time interval is precisely 
one-half of that characteristic of middle c. Therefore it is not 
surprising that when an octave is sounded and there is complete 
agreement between the frequencies of the harmonics of both notes, 
the total effect is aurally acceptable. 

Now the explanation given by Helmholtz of the harmonious 
blending of the tones of certain musical intervals was that an 
absence of “beats”’ between their harmonics resulted in conson- 
ance. The sound emitted by two notes such as those separated by a 
semitone is a dissonance: such an interval is rich in beats between 
interfering harmonics, a discord obnoxious to the ear. 

Pythagoras noted the interesting fact that the musical intervals 
which are most consonant are reducible to the ratio of small 
integers: 


INTERVAL FREQUENCY RATIO 
Unison 1:1 
Octave et 
Major third 5:4 
Major sixth it 


(The physics student will know that the matter is complicated by 
the presence of harmonics. The unison cannot be sounded without 
the octave being faintly audible, and the major third is rich in 
overtones scarcely distinguishable from those of the major sixth.) 

We are now in a position to consider an hypothesis formulated 
to account for the artistic pleasure alleged to be derived from the 
golden rectangle. According to Helmholtz, a stream of aural nerve 
impulses from two notes sounded simultaneously produces con- 
sonance and aesthetic pleasure if the sound is free of beats pro- 
duced by the fundamental tones or their harmonics. This occurs of 
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course when two notes are sounded in unison. Now the visual 
centers of the brain are affected in an analogous manner when the 
eye beholds a square, which is a source of aesthetic satisfaction 
even if only by a stimulation, through association, of the aural 
response. A similar correspondence between aural and visual 
sensations, so that experience of the latter may, through associa- 
tion, evoke emotions called forth by the former, occurs when the 
ear hears an octave and the eye beholds a rectangle which is 
equivalent to a double square. But it is in accord with observation 
and experiment that the musical interval which gives the greatest 
satisfaction to the greatest number is the major sixth, frequency 
ratio 8:5, approximately. This corresponds to the pleasure expe- 
rienced in seeing the golden rectangle, the adjacent sides of which 
are in the ratio ¢:1, which is approximately equal to 8:5. 


SUMMARY 


We may summarize the foregoing argument as follows. 

The assumption is made that certain nerve messages received by 
the visual centers of the brain can awaken associative echoes in the 
aural centers. There are three emotionally potent musical intervals 
which stand out from all others by virtue of their consonance: they 
are the unison, the octave and the major sixth. These are aestheti- 
cally pleasing because (according to Helmholtz) these pairs of 
tones produce no beats between their harmonics. Beats are 
characteristic of dissonance which offends the ear as discord. 
Corresponding to the three pleasing musical intervals are three 
congenial rectangles: 


RATIO OF 
MUSICAL RATIO OF SIDE 
INTERVAL EXAMPLE FREQUENCIES RECTANGLE SEGMENTS 


Unison c:c 256:256 = 1:1 Square 14 
Octave cic 512:256 = 2:1 Doublesquare 271 
ee ce->--512:320 = 8:5 8:5 
sixth rectangle 
(approx.) 


Experience and experiment show that the most pleasing of these 
intervals are the (corresponding) major sixth and golden rectangle. 
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Now the immediate sense data received by the brain which is 
conscious of hearing a major sixth is the ratio of two time intervals, 
viz., 8:5. Any cause, therefore, which produces visual conscious- 
ness of this ratio may result, either by association or in some other 
way, in inducing a pleasurable echo in the aural brain centers. The 
golden rectangle, with sides in the ratio 8:5, is just such a cause: 
hence its aesthetic appeal. 


BINET’S FORMULA 


The connection between the golden section and the Fibonacci 
series is seen from a new point of view by considering the general 
term of the series. This is Binet’s formula: 


1 = 1 (ae 
Uu, =——= Se ee — = mee 
WON oe Vere? 

No protracted calculation is required to show that this formula 
produces the first few integral members of the series 


) (n = 0, 1, 2, 3,---) 


U = 0,u, = 1,u, = 1,u; = 2,--- 


With large values of n the second term of Binet’s formula may 
be neglected. For instance, when n is no larger than 5, the formula 
gives (to the fourth place of decimals): 


us = 5.0403(2) — 0.0403(2) 


The golden ratio has been shown to be 


$ = lim "tt 


n>o U, 


Hence, ¢ is approximately equal to 


I (: . Me) 4 1 (: + ay 
v3\ 2 v5\ 2 
Thus ¢ = (1 + V5)/2, in the limit. 
How close the approximation is, even for terms as early as uj) 
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and u,;, may be seen from the following values calculated from the 


formula: 
U;> = 144.0014 (Fibonacci number, 144) 


232.9991 (Fibonacci number, 233) 


U3 


THE LAW OF GROWTH 


We are now in a position to understand that the claim to beauty 
at least in some areas of mathematics is not built on an artificial 
basis but grounded in the beauty of the natural world. For the law 
of biological growth, whether of a plant or an animal or any part 
of them, is an exponential law. A clear illustration of this is the 
growth of the shell of a mullusc. The radius r of curvature of the 
shell of a nautilus, for example, increases according to the mathe- 
matical formula 

r = ae’? 


which is the polar equation of an equiangular spiral. 

Now, Binet’s formula for the discrete terms of the Fibonacci 
series can be regarded as a continuous function when zn is large. 
It may be written 


si ae 
PTFE F 


For all practical purposes the Fibonacci numbers lie on this 
curve in its higher reaches. 


) = 0.4472 x (1.6180) 


CH ArP TER Y¥ 


Art and the Golden Rectangle 


Still seeking the insight which can unveil the beauty latent in ele- 
mentary mathematics, we shall in this chapter consider certain 
very simple geometrical figures, such as the golden rectangle, 
before we turn, in chapter VII, to more sophisticated examples 
which can evoke the aesthetic response. All the while we remain 
within the limits of topics cognate to the golden section, thereby 
exhibiting the fertility of even a very restricted field of mathe- 
matics. In all this we shall augment our anthology with further 
examples of interest and beauty. Most of these will confirm a claim 
already adumbrated, viz., that education and training are the only 
means of developing and intensifying an aesthetic gift which is 
already inborn. For instance, the equiangular spiral (Fig. 7.6 on 
p- 101), which falls within our prescribed limits, requires a mini- 
mum of mental training before the fascination of its curve exerts 
its charm, but, when through education the appropriate mathe- 
matical key is applied, its hidden store of beauty yields further 
treasure to the mind. 


“BEAUTY IS A WORD OF GOD’’ 


Differences in education are mainly responsible for differences 
in taste; and the extent of intuitive (inborn) appreciation of beauty 
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differs from person to person and from object to object. But the 
sentient creature who makes no response whatever to any lovely 
object; the individual, for example, who says “I hate flowers,” is 
hardly human. Peter Bell is almost incredible: 


A primrose by the river’s brim 
A yellow primrose was to him 
And it was nothing more. 


Peter Bell’s creator may very well tower over most of the human 
race in his aesthetic sensibility, as when he writes in ecstasy: 


To me the meanest flower that blows can give 
Thoughts that oft do lie too deep for tears. 


But even he has scarcely begun to sound the depths of beauty 
which are to be uncovered in the humblest flower. 

It was Tennyson who spoke the mind of the scientist, of the 
botanist who takes to the flower the dissecting tool and the micro- 
scope. Tennyson understood that its beauty knows no limits: 


Flower in the crannied wall 

I pluck you out of the crannies, 

I hold you here, root and all, in my hand, 
Little flower—but if I could understand 
What you are, root and all, and all in all, 
I should know what God and man is. 


DEFINITIONS 


The difference between the intuitive view of beauty—that of 
Wordsworth, and the analytical view of the scientist which 
Tennyson recognizes is expressed in the two briefest definitions of 
beauty which I have met. While no brief definition can be com- 
pletely satisfactory, brevity is a merit in a definition. One is that 
of Thomas Aquinas: “ Beauty is that which pleases in mere con- 
templation.”! The other: ‘Beauty is a word of God.” 

The reader may perhaps feel that the quality and richness of a 
flower’s beauty can scarcely be compared with the jejune harvest 
of the golden rectangle and the related topics of this chapter as 
amplified in chapter VII. Then consider the equiangular spiral, 
which has been incarnate in the nautilus sea shell almost since the 
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birth of Time. Is not this one of the “words of God” ? If it be so, 
then we must admit that, if the harvest it yields seems relatively 
scanty, it is because our tools are gross, our methods primitive and 
our understanding dull. Even the simple rectangular spiral of 
figure 5.5, progenitor of the equiangular spiral, is barren until a 
more than casual glance reveals properties like those set out in the 
list—a list of indefinite length—which is begun on p. 68. 

To any reader of these pages who feels that mathematics is a 
barren wilderness, productive of only scanty material of aesthetic 
appeal, or who, through failure to search below the surface 
beauty, finds only superficial rewards, I venture to suggest that the 
fault may be his own. Francis Thompson, the poet, speaks in plain 
language to such: 


The angels keep their ancient places ;— 
Turn but a stone and start a wing! 
’Tis ye, *tis your estrangéd faces, 
That miss the many-splendoured thing. 


THE DIVINE PROPORTION 


By restricting our field of exploration, confining it to the area of 
the “divine proportion,” we shall endeavour to show that there is 
no need to roam widely to collect examples of mathematical 
beauty: they lie thick on the ground. These lines are written in the 
upper reaches of the Otzal valley of the Austrian Tyrol, where, 
yesterday, in the space of a few hours, the trained eye of my wife 
found nearly fifty different specimens of wild flowers. With two or 
three exceptions, she tells me, these may be seen within a few 
hundred yards of our home in Somerset. It is the trained eye that 
sees. 

In the remainder of this chapter we shall have the oppor- 
tunity of examining simple figures lying near at hand, which 
appeal to the eye even of the non-mathematician, and then by a 
closer examination of these we shall find that they hide relation- 
ships, the discovery of which may become a source of pleasure to 
the mathematician of quite modest attainments. It is the laying 
bare of these unsuspected relationships with its small surprises and 
minor joys of achievement that constitutes part of the charm of 
mathematics. To take an example: you might not suspect, unless 
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you had some acquaintance with the golden rectangle, that lopping 
off a square from it leaves a residue which is another golden rect- 
angle, and that this process can be repeated indefinitely until a 
“point rectangle” is reached which has a unique situation. This 
may seem to be a trivial example, but it is simple and easily 
understood, and it makes the point that the unexpected results to- 
gether with the pleasure of learning something hithertounknown 
constitutes part of the charm of mathematics. 

We shall give some space in the first instance to discussing the 
golden rectangle regarded as an aesthetically pleasing figure. Then 
its clear, simple appeal to the mathematical taste will be described. 


A 


Fig. 5.1. Construction of golden rectangle 


In chapter IV we anticipated the evidence that is now set forth 
in detail for the claim that a rectangle of certain proportions has 
an appeal to a wider population than a rectangle of any other 
shape. he 

The construction of the golden rectangle is a simple matter. The 
side AB of a square ABCD is bisected in E (Fig. 5.1). With center 
E and radius EC draw an arc of a circle cutting AB produced in F. 
Draw FG perpendicular to AF meeting DC produced in G. Then 
AFGD is the golden rectangle. 

The proof is equally simple. Let AB = 2 units of length. Then 
EC = EF = V5 units. AF/FG = (AE + EF)/FG = (1 + V5)/2 
= ¢. 
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AF is divided by B in the golden section. B is sometimes called 
the “golden cut.” It is associated with the idea of the “mean pro- 
portional”: AB is the mean proportional of AF and BF: 


Ae CAR. : 
BF = AB’ BC.5 AB* = AF-BF 


EXPERIMENTAL AESTHETICS 


Before we examine the geometrical properties of the golden 
rectangle, let us consider its claim to aesthetic merit. j 

As we saw in chapter II, Pythagoras believed that beauty was 
associated with the ratio of small integers. He experimented with 
the monochord and discovered that, when the length of the vi- 
brating string was varied so as to emit the four notes of what today 
we call the “common chord,” these lengths stood to each other in 
ratios expressible by small integers. For example, the octave ratio 
was 1:2. The ratio that fascinated the Greeks was the golden ratio. 
This is related to the symbol of the Pythagorean brotherhood, the 
pentagram (Fig. 2.4 on p. 28), which contains several examples of 
the golden cut. 

The proportions of the well-known Parthenon bear witness to 
the influence exerted by the golden rectangle on Greek architec- 
ture. The superstitious wise men of the Middle Ages, men of the 
breed of alchemists and astrologers, were fascinated by Phi. Kepler 
called it, as we have seen, the “divine proportion.” 

It is unfortunate that the golden section has attracted the 
enthusiastic attention of cranks. One of these measured the heights 
of 65 women and compared the results with heights of their 
respective navels, obtaining an average of 1.618. But when this 
enthusiast adds to this nonsense the claim that the accepted value 
of w (3.14159---) is incorrect and that it should be 647/5 = 
3.141608 - - -, we recognise the type we are dealing with! 

The most compendious work devoted to this topic, Der goldene 
Schnitt (1884) was by a German, Adolf Zeising. It appears to have 
stimulated the famous German psychologist, Gustav Fechner, to 
begin the first serious inquiry into the claims of the golden rect- 
angle to have a special aesthetic interest. With characteristic 
German thoroughness, Fechner made literally thousands of ratio 
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Fig. 5.2. The Parthenon at Athens, built in the fifth century B.c., 
one of the world’s most famous structures. While its triangular 
pediment was stillintact, its dimensions could be fitted almost exactly 
into a Golden Rectangle, as shown above. It stands therefore as 
another example of the aesthetic value of this particular shape. 
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measurements of commonly seen rectangles—playing cards, 
windows, writing-paper pads, book covers—and found that the 
average was close to Phi. He also extensively tested personal pre- 
ferences, and finally established that most people prefer a certain 
rectangle the proportions of which lie between those of a square 
and those of a double square. 

Fechner’s extensive experiments were made in 1876 and were 
rather crude. They were repeated by Witmar (1894), Lalo (1908) 
and Thorndike (1917). The results were similar in each case. The 
following tabulation of Fechner’s and Lalo’s measurements are of 
interest: 


RATIO: BEST RECTANGLE WORST RECTANGLE 
WIDTH/LENGTH | Fechner,°%  Lalo,% | Fechner,% Lalo, % 
1.00 3.0 16 rs 27.8 22) 
0.83 0.2 1.0 19.7 16.6 
0.80 2.0 1.3 9.4 9.1 
0.75 25 9.5 2.5 9.1 
0.69 qa 5.6 12 25 
0.67 20.6 11.0 0.4 0.6 
0.62 35.0 30.3 0.0 0.0 
0.57 20.0 6.3 0.8 0.6 
0.50 15 8.0 2.5 12.5 
0.40 1.5 15.3 35.7 26.6 
100.0 100.0 100.0 100.1 
yA 
40 
35 
30 
25 
20 


11 5:6 4:5 3:4 7:10 2:3 


Fig. 5.3. Fechner’s graph 
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If these figures mean what they seem to mean, they point un- 
ambiguously to a popular preference for a rectangular shape 
closely approximate to that of the golden rectangle. Of Fechner’s 
observers, 75.6 per cent voted for it and of Lalo’s, 47.6 per cent. 
The table is represented by the graph of figure 5.3. 


THE GOLDEN ELLIPSE 


Another shape of related interest is the “golden ellipse.” This 
is the ellipse in which the ratio of the major to the minor axis is 
¢ = 1.62---. Here, as in the case of the golden rectangle, it has 
been shown empirically that the eye of the artist finds approxima- 
tions to this ellipse more satisfying than others. For relishing 
pleasure in mathematical shapes, whether two- or three-dimen- 
sional, mathematical skill is unimportant. For the mathematician, 
however, such pleasure is a bonus. 

Repeating his experiments with the ellipse, Fechner obtained 
the following results: 


MINOR AXIS/MAJOR AXIS PERCENTAGE 
1.00 1.2 
0.83 0.6 
0.80 8.3 
0.75 14.7 
0.67 42.4 
0.62 16.7 
0.57 13.1 
0.50 1.6 
0.40 0.0 


It will be seen that three observers out of four prefer an.ellipse 
which is either the golden ellipse or so close an approximation as 
to be almost indistinguishable from it. 


THE GERMAN “‘DIN’”’ 


It is interesting that the preferred shape of a rectangle approxi- 
mates fairly closely to a shape which turns out to be economically 
useful. A German committee for standardization (Deutsche 
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Industrie Normen), in standardizing the shapes and sizes of paper 
sheets for printing, typewriting, and handwriting aimed at economy 
of paper. They minimized waste in cutting paper to smaller sizes 
through halving and halving again by choosing an original format 
that should remain similar in shape after bisection. A typist sheet, 
for example, when halved, should produce a geometrically similar 
sheet suitable for a personal letter. Only one rectangular form will 
achieve this. If the length and breadth of this standard size paper 
are x and y units, then after one folding, 


ny = st ie, y=aV2 or yx 14e 


Thus, this rectangle is at once useful, economical and pleasing, 
for it is not seriously different in shape from the golden rectangle 
which is congenial to the artist’s eye. 


ADDITIVE SQUARES 


The golden rectangle can be obtained approximately by another 
instructive method. Just as closer and closer approximations to the 
golden ratio are obtained from any additive series (of which the 
Fibonacci Series is an example) beginning with any two arbitrarily 
chosen terms (see p. 46), so closer and closer approximations to the 
golden rectangle result from an additive series of squares. In each 
case, the longer the series continues the closer is the approxima- 
tion to the golden section and the golden rectangle respectively, 
regardless of the magnitude of the two initial terms. Let us begin 
the series with the two arbitrarily chosen squares, one shown 
shaded in figure 5.4. Then we add successively squares numbered 
3, 4, 5, 6, 7,--- and obtain the approximation to the golden rect- 
angle shown. In figure 5.4 the ratio of the sides is 47/29 = 
1.620---. But if we continue the process to square number 13, 
the approximation to Phi is closer: 521/322 = 1.6180---. 

It will be clear from an inspection of the figure that the centers 
of successive squares lie on a spiral; and we shall find that this 
well-known spiral, the /ogarithmic spiral, is to be traced in other 
constructions involving the golden section. This is another ex- 
ample of a curve which, apart altogether from the neat simplicity 
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Fig. 5.4. Additive squares 


of the mathematics involved, has an immediate appeal to the eye 
whether it be mathematically trained or not. Before we turn to this 
beautiful figure, however, let us examine the rectangular spiral 
(Fig. 5.5). 


RECTANGULAR SPIRAL 


Let OA (Fig. 5.5) represent unit length (4°). At A erect a per- 
pendicular to OA (AB) of length 1/¢ = 0.618034 - - -. For brevity 


¢"=1 y: 
Fig. 5.5. Rectangular spiral 
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call this ¢’. (Note: ¢’ is the symbol we have employed to denote 
the negative root of * — x — 1 = 0, of which ¢ is the positive 
root.) At B draw BC perpendicular to AB and of length ¢?, then 
CD perpendicular to BC of length $° and so on ad infinitum, pro- 
ducing a rectangular spiral, the coils of which diminish indefinitely 
to the limiting point P, called the pole. - 

This spiral has interesting properties, a few of which may be 
listed : 


1. Turning points of even number all lie on OB; those of odd 
number all lie on BC. 

2. OB and AC are mutually perpendicular. 

3. The pole of the spiral, the limiting point P, is the intersection 
of OB and AC. 

4. Each new arm of the spiral completes a triangle of which the 
other two sides are segments of OB and AC. These triangles are all 
similar, each being one-half of a golden rectangle. 

5. The length of the spiral from A to P on the scale OA = |, is 
Phi—a surprising conclusion! 


To the interested reader other possible points of interest will 
suggest themselves. For examples, what is the position of the 
centroid? What is the radius of gyration of the spiral ? What is the 
value of the ratio OP: PB? 

These features of the rectangular spiral may serve to underline 
our point that aesthetic appreciation is consummated in two 
stages, the first through intuition, the second through education. 
Very few of the subjects tested by Fechner or Lalo could have 
been mathematically educated, so their choices must have been 
instinctive. The figure of the rectangular spiral would have an 
appeal to many, whether they were mathematically literate or 
not. But for its fuller appreciation, an understanding of such 
features as those listed above is required, and this comes only by 
education. To illustrate: it is natural to wonder what may be 
the total length of the spiral, measured from A inwards to the 
pole. It is obviously the sum of a series of segments which is con- 
vergent. But to discover that it amounts precisely to Phi times OA 
is to gain a glimpse of beauty in mathematics, and is a gratifying 
surprise to those whose taste for such revelations has been culti- 
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vated. That satisfaction is a specimen of the rewards of mathe- 
matical education. 

In chapter VII when we meet the curvilinear spiral we shall find 
that these two stages of appreciation are even more distinctly 
differentiated. 


C FAtrP. te V4 


Beauty in Mathematics 


There is ambiguity in this chapter heading. It may mean the 
pleasure derived from the mental activity which the study of 
mathematics generates; or it may mean the aesthetic feeling 
evoked by (e.g.) a mathematical theorem, which, on account of 
this feeling, is regarded as a thing of beauty. In what follows we 
are concerned with the latter meaning. An illustration may make 
the distinction clearer. 

The study of a plane curve such as the parabola involves a 
succession of discoveries of hitherto unsuspected truths; each of 
these discoveries gives rise, in a greater or less degree, to an 
experience of beauty: the creation of harmony out of dissonance. 
The study is a pleasurable activity. Renan said, “There is a 
scientific taste just as there is a literary or artistic one,” and we 
are thinking of beauty that has an objective ingredient. 


AN EXAMPLE 
Let us consider this curve from several different points of view. 


i. In the first place, the parabola (Fig. 6.1) is a curve which 
is beautiful in itself. In the absence of any mathematical sophisti- 
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cation, merely to contemplate it is a pleasurable sensuous ex- 
perience, though it might tax the wisdom of the psychologist to 
explain in what the pleasure lies. Of course, the curve is symmetri- 
cal about an axis, but so are many capital letters of the alphabet 
which can lay no claim to beauty. One might perhaps say that 
there is the tang of infinity about the curve as it journeys off 
into uncharted space, which is in contrast with the parochial 
quality of the region in the neighborhood of the focus S. But how 
much is this worth? The aesthetic appeal is not to be doubted, 
but its source is hidden. This is that part of the total artistic 


Fig. 6.1. Parabola 


appreciation which is inborn; all the rest is acquired (see Chap. I, 
p- 10). 

li. Secondly, the parabola is a Jocus of great simplicity. It is 
the path traced out in a plane by a point moving in accordance 
with a simple law briefly stated thus: the point P is equidistant 
from a fixed point S (the focus) and a fixed line ZM (the directrix). 
If one tried to run to earth the origin of the aesthetic appeal of 
this, it would be found, in part, in the simplicity of the idea, the 
neatness of the method of generating a lovely curve. Moreover, 
the pleasure is enhanced with further education, for this allows a 
comparison between the parabola (PS/PM = 1) and the other 
conic sections, the ellipse (PS/PM <1) and the hyperbola 
(PS/PM > 1). 
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iii. Since the marriage by Descartes (1596-1650) of geometry to 
algebra, it has been possible to represent the parabola in short- 
hand: y? = 4az; this provides a powerful tool for revealing the 
properties of the curve. There is no appeal to the eye in this, but 
there is a great deal of aesthetic satisfaction arising from the 
application of coordinate geometry to the parabola. This may be 
confirmed by a reference to the section “Phi and the Parabola” in 
chapter VIII (p. 111). 


Fig. 6.2. Conic section: ellipse 


iv. The viewpoint from which the parabola is seen in its most 
beautiful aspect is as a special section of a right circular cone. 
The most general conic section is an ellipse (AA’, Fig. 6.2), which 
has two extreme forms—the circle and the parabola. In figure 6.2 
P'OP, Q'OQ represent generators of a right circular cone, AA’ 
being a section of the cone by a plane which makes an angle with 
the axis of the cone greater than half the vertical angle AOA’. 
When this angle is equal to one half of AOA’, the major axis AA’ 
of the ellipse is parallel to the generator of the cone and is there- 
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fore of infinite length (Fig. 6.3). This extreme form of the ellipse 
is the parabola. The spheres inscribed to touch the cone in circles 
and the plane of the ellipse (Fig. 6.2) touch this plane at the foci 
S, S’. Moreover, the planes containing the circles of contact 
between the spheres and the cone intersect the plane of the ellipse 
in two lines which are the directrices. These exciting results are 
applicable, with modification, to the parabola (Fig. 6.3). To grasp 


Fig. 6.3. Conic section: parabola (perspective) 


these truths and their manifold implications is to glimpse beauty 
in mathematics. 

v. The path of many a comet is a parabola with the sun at its 
focus. Each drop of spray from a water fountain describes a path 
which is a near-parabola. It is, in fact, a very elongated ellipse 
having the earth’s center as one of its foci. 

vi. Further interesting features of this lovely curve are noted in 
“Phi and the Parabola” in chapter VIII. 


This example should serve to show the distinction between 
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beauty in mathematics and pleasure in searching it out. There is 
joy in rock climbing but it is not to be confused with the pleasure 
derived from viewing the scenery. 


THE AESTHETICALLY UNGIFTED 


I have spared little time hitherto to argue in these pages with 
those who doubt the reality of beauty in mathematics. They are, I 
believe, relatively few. But it may be necessary to say a word to 
those who think that aesthetic appreciation is rare, and these are 
many. I believe they are mistaken. Professor Hogben thinks that 
“the aesthetic appeal of mathematics may be very real for a chosen 
few.” For these “few,” he says, “‘mathematics exercises a coldly 
impersonal attraction.” On an occasion when I was speaking to a 
Student Christian Movement meeting of sixth formers I happened 
to remark, incidentally, that the famous theorem of Pythagoras 
was “‘a thing of beauty.” The explosion of derisive laughter that 
greeted this innocent remark was shattering. The reason for the 
outburst was, in my view, very simple. Every one knew that what I 
had said was true, but to admit it involved “wearing one’s heart 
on one’s sleeve” and this “isn’t done” by sixth formers. One 
rarely hears the adjective “beautiful” from the lips of an adoles- 
cent: his private feelings are not for public display. 

The universal popularity of board games with a mathematical 
basis is an argument against the view that mathematics is for the 
few. Go in Japan and chess in Russia are examples. Chess games 
and problems are found in many of the world’s periodicals. It is 
relevant to our thesis to note that end-games are described as 
“beautiful,” chess situations as “diverting,” the check-mate as 
“neat,” the solution of the problem as “elegant.” Is there, then, 
beauty in chess but not in “mathematics” ? 

Supporting evidence for the widespread appeal of mathematics 
is found in the popularity of puzzles; in such fascinating columns 
as ‘Mathematical Games” published monthly for many years 
past in the Scientific American under the brilliant editorship of 
Martin Gardner; and in the dozens of books on “ popular mathe- 
matics” which have been sold as paperbacks by the million. 

In chapter I we discussed Beauty in its general context, as an 
introduction to a specialized form of beauty enjoyed by mathe- 
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maticians, which is our present topic. Before examining the many 
illustrative examples of the next few chapters, in which we add to 
our small collection of examples of the golden section, it would be 
helpful to form a clearer idea of the nature of beauty in mathe- 
matics specifically. The task is not an easy one. As G. H. Hardy 
remarked, “It may be hard to define mathematical beauty, but 
that is true of beauty of any kind.” 


BEAUTY A GUIDE TO TRUTH 


It is generally accepted that there is a close association in 
mathematics between beauty and truth. Indeed, there are those 
who would identify the one with the other, as does Keats in his 
“Ode on a Grecian Urn”: 


Beauty is truth, truth beauty, that is all 
Ye know on earth, and all ye need to know. 


And there is another point of view, that of Bertrand Russell: 


In Mathematics we never know what we are talking about, nor 
whether what we are saying is true. 


We are not now thinking of truth as a logical necessity—the 
quod erat demonstrandum conclusion which inexorably follows 
from stated premises. The truth of such a conclusion depends 
absolutely on the truth of the initial assumptions, provided that 
the logic of the argument is faultless. But there are truths that 
cannot be demonstrated, such as the truth of certain axioms and 
many propositions which, while there is reason to suppose them 
to be true, have so far surpassed the wit of man to establish. This 
is where mathematical beauty serves a useful purpose as a_guide 
to truth. 

We have seen that a supreme purpose of beauty vis-a-vis the 
human psyche is to serve as a stimulus to creative activity, which 
is one of the terminal mental satisfactions of man. 

We inquired in chapter I whether aesthetic sensibility in man 
had any utilitarian purpose which would contribute to his sur- 
vival in the struggle for existence in the course of his evolution. 
We could find no such purpose. That the feeling for beauty, 
however, can produce a mental ferment and generate new ideas in 
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mathematics, and can serve as a guide to truth is an affirmation 
that many high ranking mathematicians endorse. Hadamard, for 
example, remarked that for the mathematician it was often the 
only criterion for deciding which method of attacking a problem 
would be successful : 


[The] sense of beauty can inform us and I cannot see anything else 
allowing us to foresee.... This is undoubtedly the way the Greek 
geometers thought when they investigated the ellipse, because there is 
no other conceivable way." 


Perhaps the most extreme view of the pre-eminent importance 
of beauty in guiding one’s thinking in science and mathematics 
was expressed by Dirac: 


It is more important to have beauty in one’s equations than to have 
them fit experiment.” 


Hyperbole, no doubt, but perhaps the best way to enforce the 
lesson! 


IDEAS IN POETRY AND MATHEMATICS 


If we are to discover the source of the satisfaction that arises 
from the contemplation of a mathematical thesis, we shall do well 
to consider the more general question of the aesthetic pleasure 
associated with the creation and appreciation of great art as it is 
found in poetry or literature or music. Few (if any) have con- 
tributed more to the illumination of this question than the psycho- 
logist C. G. Jung in the development of his theory of the collective 
unconscious. 

Let us consider again the example briefly mentioned in the 
Introduction: the first stanza of Gray’s “Elegy Written in a 
Country Churchyard,” reputed to be among the most popular 
poems in the English language: 


The curfew tolls the knell of parting day, 
The lowing herd winds slowly o’er the lea, 

The ploughman homeward plods his weary way, 
And leaves the world to darkness, and to me. 


If a teacher of English literature were asked to account for the 
pleasure aroused by reading these lines, he would probably refer 
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to the rhymes and rhythms, the tempo, the long, slow vowels, and 
the alliterative echoes. But would he say much about the content, 
the ideas, the imagery? Housman stated roundly that ideas in 
poetry are unimportant: 


I cannot satisfy myself that there are any such things as poetical 
ideas.... Poetry is not the thing said, but a way of saying it. 


If this is true, mathematical beauty must differ radically from that 
of poetry, for the working material of the mathematician is noth- 
ing but ideas. But is it true? It is certain that C. G. Jung would 
attach primary importance to the ideas conveyed by this poem. 
He quotes Gerhart Hauptmann, “Poetry means the distant echo 
of the primitive world behind our veil of words,” and proceeds to 
amplify this by reference to his theory of the collective uncon- 
scious, which he distinguishes from the personal unconscious of 
the poet: 


The collective unconscious is in no sense an obscure corner of the 
mind, but the all-controlling deposit of ancestral experience from untold 
millions of years, the echo of prehistoric world events to which each 
century adds an infinitesimally small amount of variation and differen- 
tiation. 


If we recall Gray’s primordial images of the ploughman, of the 
lowing herd and its winding way, of the progress of parting day 
leaving the world to darkness, we may see the relevance of Jung’s 
ideas to his verse. Jung writes: 


The man who speaks with primordial images speaks with a thousand 
tongues; he entrances and overpowers, while at the same time he 
raises the idea he is trying to express above the occasional and the transi- 
tory into the sphere of the ever-existing.. . . Pi ce 

That is the secret of effective art. The creative process, in so far as we 
are able to follow it at all, consists in the unconscious animation of the 
archetype, and in a development and shaping of the image until the 
work is completed. The shaping of a primordial image is, as it were, a 
translation into the language of the present which makes it possible for 
every man to find again the deepest springs of life which would other- 
wise be closed to him. 


Like the appreciation of music, pleasure in the pursuit of mathe- 
matics as a mental discipline springs from those deep layers of 
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the human psyche which, having been developed in the early 
epochs of human evolution, lie buried beneath mental strata of 
later development. The accepted view that there is a definite 
connection between musical appreciation and mathematical taste 
is based not only on the observation that many gifted mathe- 
maticians have had a warm appreciation of music (a few, like 
Einstein, having been skilled instrumental performers), but also on 
the similarity between the deep-seated structure of musical form 
and that of mathematical ideas. As Hardy said, “There are prob- 
ably more people really interested in mathematics than in music.” 
Perhaps many people enjoy music because they intuitively per- 
ceive its mathematical basis. As the conscious mind expresses 
itself in language and gesture, so the unconscious mind may 
become articulate in music and in mathematics. It is possible for 
neither music nor mathematics to assume any arbitrary form if it is 
to be intelligible to the mind. A fortuitous succession of notes 
makes as little sense as a haphazard chain of mathematical 
symbols. There is no more articulate language of the unconscious 
mind than music, but the syntax and the grammar of this lan- 
guage are not capricious; they are dictated in their broadest out- 
lines by the texture and organization of the deep levels of the mind, 
which assumed its present structure in those aeons of evolu- 
tionary time that led up to the coming of Homo sapiens. So with 
mathematics. While we know something of prehistoric man’s 
physical environment, and can speculate concerning the mental 
stresses which in the course of vast, periods of time evolved a 
mentality of definite pattern functioning in a particular fashion, 
we know little or nothing of the reasons why this mentality 
should find satisfaction in certain types of mathematics rather 
than in a thousand other possible, unimagined types. The fact 
remains that the forms of music and the shapes of mathematics 
which appeal to our minds are directed by a basic mental structure 
which was itself an inexorable product of its terrestrial environ- 
ment. 


EVOLUTION OF AESTHETIC FEELING 


Now we have reached the nucleus of the argument. The ulti- 
mate source of aesthetic sensibility to the various manifestations 
of beauty in mathematics is to be sought for in the unconscious 
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mind or even (frequently) in the collective unconscious by virtue 
of which man is the heir of all the ages. The mental processes 
evoked in all men for a million years past by their physical environ- 
ment have deposited a soil in which the roots of the psyche are 
deeply and securely implanted. Experiences of all the generations 
of a man’s ancestors, repeated millions of times and recorded as 
memory structures in the brain, are scored ever more deeply as 
they are transmitted from generation to generation through the 
centuries, often showing a brief vitality in unaccountable dreams. 
The mind of a newly born baby is no tabula rasa: before he has 
had the opportunity to develop a conscious mind he is equipped 
with these inherited memory structures. For example, one of his 
earliest mental activities impels him to seek his mother’s breast. 

It is to the emotionally charged experiences of a thousand gene- 
rations of our ancestors that we must look in order to discover 
the sources of aesthetic pleasure in art, in poetry, in music, in 
mathematics, and in other artistic forms. It is not impossible to 
guess what some of these experiences must be which, either 
because their repetition is so frequent or because they evoke 
strong mental excitement, have left their indelible traces on our 
mental structure; these traces are a fixed part of our human 
inheritance and the ground of our aesthetic appreciation. 


MATHEMATICS AND MUSIC 


The theory of the subconscious source of the appreciation of 
beauty in mathematics will be more readily understood if a 
comparison is made with the appreciation of music. This need not 
Surprise us, for music is pre-eminently the language of the 
unconscious mind: in music the unconscious becomes articulate. 
Emotionally charged archaic memories, deeply buried, are easily 
aroused by melody and harmony, and it seems to be possible to 
relate certain primordial, racial experiences to familiar features of 
music. 

Rhythm is basic to practically all music. No experience of the 
individual antedates that of the swinging motion of the womb as 
the mother walks. Is it not reasonable to associate appreciation 
of rhythm with the pleasure of the warm and comfortable pre- 
natal days, and possibly also with the excitement, enjoyed by our 
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simian ancestors for hundreds of generations, of swinging in the 
trees? 

Or think of the many age-old experiences which produced 
emotional reactions in every member of the human race. Dancing, 
conversational exchanges, the sound of thundering hoofs of a 
stampede, flight from an enemy and many more such emotionally 
loaded experiences, are all readily stimulated by rapid, lively 
music which evokes the immemorial excitement. 

Rallentando is a familiar feature of a piece of music which is 
approaching a final phase; the last chord, the tonic, is significantly 
termed the “home note.” Is it unreasonable to relate the aptness of 
the rallentando to the universal emotional experience of hurrying 
home, then slowing down as sanctuary comes in view and finally 
halting on the threshold of home? 

Again, long before man achieved the status of Homo sapiens 
he had on unnumbered occasions observed the flight of a stone in 
the earth’s gravitational field—its rapid ascent, the long pause 
when it seemed neither to rise nor fall, followed by its accelerated 
descent. Surely the deeply buried memory of this oft-repeated 
experience is gently stirred when, a melody having reached its 
tonal climax, the high note is sustained for a moment or two 
before it descends to its level of departure? 

These gentle stimulations of buried memories are common to 
many of the effects produced by music. And, of course, more 
often than not, several will operate simultaneously. The pleasure 
in rhythm does not exclude the excitement of molto vivace or the 
satisfaction of rallentando. 


WHY IS RECOLLECTION PLEASURABLE? 


But now the obvious question arises: why does the symbolic 
evocation of the memory of familiar racial experiences produced 
by music arouse a feeling of satisfaction which is an ingredient of 
aesthetic appreciation? The answer seems to be that it is precisely 
because these experiences are familiar. We are made to feel “at 
home.” We enjoy a sense of security among things that we know 
and understand. The unfamiliar is unsettling. But any form of art, 
or poetry or music or mathematics, which runs smoothly and 
swiftly along well-worn memory grooves puts the mind at peace in 
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a well-remembered environment. Ignore these age-old tracks and 
the aesthetic experience is impossible. Effective art depends upon 
primordial images. 

In seeking to account for beauty in mathematics by reference to 
unconscious memories, as we have done for music, we must 
recognize an important difference: music is dynamic, mathematics 
is static. Nevertheless, the same source of aesthetic pleasure seems 
to operate in both. Mathematics will also evoke gentle, emotive 
memories, which, in the course of epochs, have scored deep into 
the unconscious mind. Because of the familiarity of these memo- 
ries we understand and feel secure; we are “at home.” This is 
admittedly speculative, but it does seem to be a normal condition 
of aesthetic satisfaction. 


INGREDIENTS OF BEAUTY 


Beauty in mathematics, as in music, is not elemental; it is a 
compound of several ingredients, which are not found in isola- 
tion—ingredients which have this in common: they stir buried 
memories which rise to awaken feelings in the conscious levels of 
the mind. Let us consider some of these. They are of a very 
general character, inherited by every member of the human race. 


The alternation of tension and relief is a universal emotion. In 
reading any form of serious mathematics, we experience alter- 
nately perplexity and illumination. Out of chaos comes order. 
Out of the many, the one. This, reaching the deepest levels of 
feeling, gently stimulates the aesthetic sensibilities. The effect is 
found in music when the alternation in (e.g.) a hymn tune of the 
dominant and the tonic—tension and relaxation—contributes to 
the beauty of the tune. Another example is the familiar one of 
resolution of discord into harmony. 

In mathematics a student who finds himself bewildered by the 
wide variety of the series representations of such functions as 
e”, log x, cos x, etc., is delighted to find a theorem like Taylor’s 
which covers them all. “A beautiful generalization” may well be 
his reaction. 

a @ 
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The realization of expectation is a mental pleasure of more 
ancient standing than the human race itself. An example from 
music is the familiar sequence: dominant —> tonic. An example 
from mathematics is found in the early paragraphs of this chapter, 
where the inscribed spheres depicted in figure 6.2, which touch the 
ellipse at its two foci, raise the question whether the same result 
would follow if the ellipse is projected into a parabola. The satis- 
faction that derives from seeing this expectation fulfilled (Fig. 6.3) 
is a spice which is relished in the flavor of the mathematical beauty 
of the, conic sections. 


Surprise at the unexpected, conversely, is an emotion which we 
have in common with our animal ancestry. When a striking mathe- 
matical conclusion which has not been anticipated suddenly 
presents itself, old established emotions are stirred. An example 
might be the discovery of the Fibonacci series hidden in the Pascal 
triangle (Chap. X). Other examples are found in following pages. 


The perception of unsuspected relationships is another pleasur- 
able experience old enough to have been built into our mental 
structure. One can imagine, for example, the excitement roused in 
the minds of primitive men when they first realized that there was 
a connection between the heights of the tides and the phases of 
the moon. 

A simple illustration from music is the perception of the soprano 
melody in the tenor line of the Tallis Canon hymn tune: 
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An example from mathematics might be the relation between 
the equation of a conic: 


a+ y*? + 2ga + 2fy+c=0 
and its tangent at (a, y;): 
wry + yyy t+ge@tayt+fiy+y)+e=0 


Or there is the relation between the golden section and the 
3-4-5 triangle (p. 43). 

There does not appear, at first glance, to be any connection 
between the coefficients of the binomial expansion (x + 1)" as 
displayed in Pascal’s triangle (p. 133) and the coefficients found 
in a formula for tan 6. But consider the integers in the following: 


(a + 1)° = a + Sa* + 1029 + 102? + Sx + 1 
and compare with 


5 tan 0 —10 tan? 0 +tan> 0 
1 —10 tan? 0 +5 tan* 6 


It turns out on further investigation that trigonometrical functions 
can be expressed algebraically without reference to right-angle 
triangles. This unification and generalization is a source of 
gratifying surprise. A feeling of increased mathematical power, 
too, comes by way of the remarkable formula 


e® =cos0+isind (i= V—1) 
from which are derived 


cos 0 = 4(e% + ei) 
1 
j 6 = ef ashpred 
sin he e~ 4) 


This increase in our resources means, for example, that a prob- 
lem in sines or cosines, such as J sin® @-d@,can be changed into a 
more manageable one in exponentials. 
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Mathematical beauty is found in patterns. The enjoyment of 
patterns is older than folk dancing. Hardy wrote: 


A mathematician, like a painter or a poet, is a maker of patterns. If 
his patterns are more permanent than theirs, it is because they are 
made with ideas... . The mathematician’s patterns, like the painter’s or 
the poet’s, must be beautiful; the ideas, like the colours or the words, 
must fit together in a harmonious way... As 


Dance tunes are patterns of rhythm and phrasing. In mathe- 
matics we can find a trivial example in the magic squares of 
chapter IX. A more serious example is the Chinese triangle 
(Chap. X). From matrices, groups, sets, we derive more modern 
illustrations offering scope for the exercise of the aesthetic 
faculty. 


“* Brevity is the soul of wit.” It may be the soul of beauty too. 
An example from poetry could be the brevity of the metre of 
Francis Thompson’s “To a Snowflake”: 


Fashioned so purely 
Fragilely, surely 
From what paradisal 
Imagineless metal 
Too costly for cost? 


An example from mathematics might be Fermat’s famous 
theorem, in which range and generality are condensed into a 
couple of lines. 


Given x, y, z integers, the equation x” + y" = z" has no integral 
solutions if n is an integer greater than 2. 


Goldbach’s postulate may be quoted. It has been proved for all 
numbers less than 10,000: 


Every even number is the sum of two primes. 
An example from chapter III is: 


If a series of integers is such that u,_, + u, = u,,,, then 
lim u,4;/u, = ¢, the golden number. 


no 
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An elementary example might be the proof of Pythagoras’ 
theorem given by the Indian mathematician Bhaskara (born 
A.D. 1114). He simply draws four equal right-angle triangles as 
in figure 6.4. The area of each triangle is ab/2, so c? (the area of the 


c 
Fig. 6.4. Pythagoras’ theorem 


square) is equal to 4ab/2 + (a — b)? = a* + b?. The reader can 
easily verify the construction. 


“Unity in variety” was Coleridge’s definition of beauty 
(Chap. 1). It is frequently exemplified in music. As an example of 
the artistic quality of a mathematical theorem, consider the dis- 
covery by Johann Bernoulli (1667-1748) of the beautiful curve 
called the Brachistochrone (Fig. 6.5). 


A 


Fig. 6.5. Brachistochrone 
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A particle slides down a smooth curve from A to B. What 
curve makes the time of descent a minimum? Would it be a 
straight line, an arc of a circle (as Galileo supposed), or some 
other curve? 

Bernoulli compared the path to that of a ray of light traversing 
a stratified layer of decreasing optical density (broken lines, 
Fig. 6.5); this is also a “least time’”’ problem. He obtained the 
equation of the Brachistochrone: 


yf! - (3) = constant 


This is a cycloid, the curve described by a point on the circum- 
ference of a circle that rolls along a straight line. 

The linking together of a problem in mechanics with a phe- 
nomenon in optics and relating the identical solution of both toa 
lovely curve—the cycloid, derived from pure geometry—has an 
artistic appeal that can scarcely be missed. As Polya remarks in 
this connection, “there is a real work .of art before us.’* It is 
unity in variety. 

Hea 


There is a sensuous pleasure to be derived from geometry. One 
of the gentle satisfactions enjoyed by all our ancestors, which 
must have left its mark on the unconscious mind, is the smooth 
sweep of the eye along the many quiet curves found in Nature. 
The smoothness of their contours is associated with the ease and 
comfort of the eye’s muscular effort. Jagged and jerky lines have 
been shown by psychologists to produce an opposite mental 
effect. The curves that the human gaze has followed for a million 
years include the sea horizon, the skyline of the rolling downs, the 
rainbow, the meteor track, the parabola of the waterfall, the sling- 
stone and the arrow, the arcs traced in the sky by the sun and the 
crescent moon, the flight of a bird, and many others. 

Such purely sensuous pleasure is an ingredient of the aesthetic 
joy found in the geometry of the circle, the ellipse and other conic 
sections, as well as of the cycloid, the catenary, the graphs of 
trigonometrical functions, the cardioid, the logarithmic spiral 
(log p = a4), Archimedes’ spiral (p = a6), the limagon and many 
other lovely shapes. 
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A melody may mirror such grace. It is rare to find the jagged 
contour of widely spaced notes in a melody. The melodious phrase 
may ascend and descend gently, register minor and major climaxes, 
pirouette like a ballerina, before subsiding smoothly to its point 
of departure. Such primeval aesthetic satisfactions, mathematical 
and musical, are rooted in the racial unconscious of humanity. 


A sense of wonder, even of awe, in the presence of the infinite, is 
one of the basic human emotions. Through all the aeons of time 
when man has stood beneath the cold light of stars and gazed into 
the unbounded depths of space; and especially since man first 
understood, a century ago, that an age-long stretch of evolu- 
tionary history lies behind him, infinity has been for him an emo- 
tionally charged concept. Music has power to arouse this emotion. 
So has mathematics. A divergent series of any sort induces this 
sense of infinity even as a convergent series leads to the related 
idea of the infinitesimal. Both feelings are roused by the spectacle 
of the curve of the hyperbola streaking off to infinite distance, 
simultaneously reducing its separation from its asymptote without 
ever reaching it. These are aspects of the aesthetic experiences of 
mathematics which easily pass unnoticed as such. 


With this we may associate the baffled sense of mystery 
produced by certain mathematical theorems, the beauty of which 
is accompanied by an initial feeling of inadequacy to explain 
such remarkable results. 

An example is Pascal’s “‘ Mystic Hexagram”’: 


If a hexagon is inscribed in a conic, then the intersections of the 
three pairs of opposite sides are collinear (Fig. 6.6). 


A beautiful theorem! Pascal (1623-1662) proved it when he was 
only sixteen years old and gave the figure its name. 
Brianchon proved a theorem as follows: 


If a hexagon is circumscribed about a conic, then the joins of the 
three pairs of opposite vertices are concurrent. 


Many theorems of this type are found in treatises on projective 
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geometry. The trained minds of mathematicians have delighted 
in their beauty for centuries past. 


Fig. 6.6 “Mystic hexagram” 


THE SEEING EYE 


“The trained minds”’: the enjoyment of beauty in mathematics 
is for the most part an acquired taste. The eye has to be educated 
to see. How much of beauty the eye misses for lack of training! 
“Having eyes, they see not.” Even the most highly trained mathe- 
matician must remain unmoved by much of the splendor because 
it is hidden from his keenest sight. “I can’t see much in your 
scenery here,” said an American tourist to a guide in Words- 
worth’s country. “Don’t you wish you could, sir?” was the apt 
retort. Did anyone ever “see’’ more than Wordsworth? We may 
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well doubt it. What we may never doubt is that there is more to be 
seen. The point has been well made by Sir Francis Younghusband. 
Moved by the beauty of Kashmir scenery he wrote: 


There came to me this thought, which doubtless has occurred to 
many another beside myself—why the scene should so influence me and 
yet makes no impression on the men about me. Here were men with 
far keener eyesight than my own, and around me were animals with 
eyesight keener still... . Clearly it is not the eye but the soul that sees. 
But then comes the still further reflection: what may there not be 
staring me straight in the face which I am as blind to as the Kashmir 
stags are to the beauties amidst which they spend their entire lives? 
The whole panorama may be vibrating with beauties man has not yet 
the soul to see. Some already living, no doubt, see beauties we ordinary 
men cannot appreciate. It is only a century ago that mountains were 
looked upon as hideous. And in the long centuries to come may we not 
develop a soul for beauties unthought of now? 


C HALF T = & bse ge | 


Simple Examples of Aesthetic 
Interest 


In this and the following chapter we consider specimens of simple 
mathematical exercises which illustrate how elegantly and how 
unexpectedly the golden section and its related topics emerge 
from a wide variety of problems—practical, algebraical, and 
geometrical. 

Readers of these pages may wonder why I did not dish up a 
mixed grill of famous mathematical theorems of acknowledged 
aesthetic attraction. There are many such. The explanation is 
simply that, by drawing from a terrain of mathematics which is at 
once elementary and circumscribed—confined, in fact, to one 
main topic—I hope to convince those whose mathematical skill is 
limited that, even in so restricted an area as we are concerned with, 
examples of mathematical beauty.are not difficult to find. In the 
next chapter we shall consider items of the anthology which make 
a greater demand upon mathematical knowledge than is required 
in the present chapter, but they have the same objective—to 
nourish and develop a taste for beauty in mathematics. 

We begin with a practical problem. A chemist in an effort to 
reduce the labour of his research finds that a knowledge of the 
Fibonacci series enables him to assess it a priori. 
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Then we pose a problem reminiscent of the famous right- 
angle triangle theorem of Pythagoras; the answer resurrects the 
golden section. 

This is followed by another triangle problem with a similar 
result. 

After looking briefly at the Cross of Lorraine, we come to a 
three-dimensional parallel to the golden rectangle—the golden 
cuboid—which proves to be rich in instances of the “divine 
proportion.” 

Finally, we touch on the logarithmic spiral, a truly beautiful 
addition to our theme, which is more fully treated in chapter 
XIII. 


THE PILL MAKER 


A manufacturing chemist, looking for the best combination of 
likely ingredients for a pill for therapeutic purposes, experimented 
in the following systematic, labor-saving manner. 

The first recipe included all of 9 ingredients. The second 
included 8 ingredients taken 7 at a time—8 recipes. The third 
included 7 ingredients taken 5 at a time—21 recipes. And so on, in 
accordance with the following table: 


Number of ingredients available: 9 8 7 6 
Number included in recipe: 9 x) 5 3 1 
Number of possible recipes: 1 8 | 21 | 20 


The total of 55 recipes is a Fibonacci number (uo). 
If the chemist had used 13 ingredients on the same labor-saving 
plan, the tabulation would have been: 


Number of ingredients available: | 13 | 12 | 11 | 10 A) N38 Pd 
Number included in recipe: 13 | 11] 9 7 ail salia 
Number of possible recipes: 1 | 12 | 55 | 120 | 126 | 56 | 7 
The total is 377, again a Fibonacci number (u,3). 
The more advanced mathematician will observe that the fore- 
going are particular examples of a general rule which can be 
deduced from the Pascal triangle (p. 134). 
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A TRIANGLE LIMITED BY THE GOLDEN RATIO 


The cosine formula of elementary trigonometry expresses the 
relation between the area of the square erected on one side of a 
triangle, the sum of the areas of the squares erected on the other 
two sides, and the angle @ contained by these two sides: 


OR? = PQ? + PR? — 2PQ-PRcoos 0 


Fig. 7.1. Triangle limited by the golden ratio 


and, of course, if @ is a right angle we obtain the special case of 
Pythagoras’ theorem (Fig. 7.1). 

Suppose now we examine the relation between the sides of the 
triangle under different conditions, viz., that the area of the square 
on one side of the triangle is equal to the area of the rectangle 
contained by the other two sides, i.e., 


OR? = PQ-PR 
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Letting PQ =m’, PR=n’, and QR= man, then, since 
PQ < PR + OR, m < n? + mn; that is: 


2 
(“) Se tee 
n 
Factoring, 


(mjn — ¢)(m[n — $') <0 (p = 1.6180---, 4’ = —0.6180.--) 


The first factor is negative, the second positive. 

It follows that, if PR is of unit length (n = 1), then, since 
¢' < min < $ or $°PR < PQ < ¢’PR, the point Q must lie 
within the area bounded by the outer and inner circular arcs of 
figure 7.1 denoted by the heavy lines. In the figure the concentric 
circles with center P have radii 4? and 4”; similarly with con- 
centric circles with center R. 


A TRIANGLE INSCRIBED IN A RECTANGLE 


The following problem published in a mathematical journal, is 
an example of the fact that many of the elegant results obtained 
can, if one penetrates a little more deeply into the solution, be 
made to yield additional satisfaction. The solution provides the 
element of surprise we have noted before, and, with its supple- 
mentation, it is neat and satisfying. 


PROBLEM—To inscribe a triangle within a given rectangle so 
that the three triangles thus formed are of equal area. 


Let ABCD be any rectangle (Fig. 7.2). Take a point Pin CD and 
a point Q in BC. We inquire: what are the positions of P and Q if 
AABQ = APCO = AADP? 

Let DP = a, PC = b, BO =c, OC=d. 

Since the triangles are equal in area, c(a + b) = bd = a(c + d), 
whence be = da. Eliminating a, bd/(c + d) = be/d, i.e., d* — cd 
— c? =0 or (dc)? — d/e — 1 = 0, so that d/c = ¢. Similarly, 
bla = ¢. 

Thus, the problem is solved by dividing BC, CD in the golden 
section. 

The solution, as published, stopped at this point. But it soon 
becomes clear that interesting corollaries can be deduced.! In the 
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A a+b B 
iain’ or 
Qa 
c+d 
d=-¢' 
D a P b Cc 
-$' 1 


Fig. 7.2. Triangle inscribed in a rectangle 


present instance, a natural question might be: what is the con- 
dition that A.PAQ is isosceles ?—say, that PA = PQ? 
Evidently it is that 
P+P=(7+dP+e¢ 
Since d = c¢ and b = ad, this gives 
eet eP=acAlt+d¢r+e 


i.e., 


+2=¢7 and a:c=¢:1 


Thus, if b:a = a:c = 4, triangle PAQ is isosceles, and a = d. 
Since d = cd, and b = ad, 


a+b a+¢)_ 
c+d cii+¢4) 


Hence, the condition that PA @Q is isosceles is that the rectangle 
is a golden rectangle. This is a worth-while result—shall we say, a 
pretty result? The initial solution is enriched, and we are led on to 
inquire whether any further enrichment is possible. 

Further exploration shows that, ABCD being a golden rect- 
angle, / APQ is a right angle. 

If we take the definite case in which AB = ¢ and BC = 1, then 


a=-¢, b=1, c=$?, d=-¢' 


The proofs are left as an exercise for the reader. 


¢ 
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THE CROSS OF LORRAINE 


We have referred to the ubiquity of the golden ratio, to the fact 
that it crops up unexpectedly in strange places, producing the 
kind of feeling of pleased surprise which we experience in meeting 
an old friend. As another illustration of this, consider a problem 
publicized by Martin Gardner, the able editor of books of mathe- 
matical games and puzzles. It is related to the Cross of Lorraine, 
made famous throughout the Western world by General 
Charles de Gaulle. 

The cross with its two transverse beams is represented in 
figure 7.3 where it covers on squared paper an area of 13 major 
squares each of unit area. The problem is to draw a straight line 


4 
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Fig. 7.3. Cross of Lorraine 
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through the point A in such a way as to divide the area of the 
cross into two equal parts. It may be solved either by calculation 
or with compasses and straight edge. 

Let the required line be CN, cutting the outline of the cross in 
C and N (Fig. 7.3). Let CD = x, MN = y. 

Since the cross covers 13 unit squares, the area to the right of 
CN is required to total 64 squares, so that the shaded area must 
amount to 24 squares. 

Since (\CDA is similar to (\AMN, 


eat a 
hag 7 1.e., w= (i) 
Shaded area = (a + 1)(y + 1) = 2 x 24 (ii) 
From (i) and (ii) we obtain 
3+V5 
f= 7 =(1+ 4) or (1+¢’ 
3+ +5 


y= = 044) or 148) 


From the figure we deduce that NL = ¢ and BC = ¢’. 

To find CN with compasses and straight edge, we use the 
method described on p. 27. Join B to the mid-point F of AD. 
With center F, radius FD, draw an arc cutting BF in G. With 
center B, radius BG, draw an arc cutting BD in C. Join CA and 
produce to meet the outline in N. Then C and WN are golden 
sections of unit lengths, and NL = ¢, BC = —¢’. 

The proof that CN divides the cross equally follows from the 
fact the ACDA and /(\AMN are similar. 


THE GOLDEN CUBOID? 


We now add a three-dimensional contribution to our collection. 
This new addition is in analogous relationship with the two- 
dimensional example—the golden rectangle (Chap. V, p. 61), but, 
as might be expected, itis more fruitful in interesting features. 
A brief contact of ¢ with 7, the most famous of the constants of 
pure mathematics, is made; the Fibonacci sequence is again 
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encountered; and other results of attractive simplicity are ob- 
tained. 

This example affords an opportunity to remind the reader of a 
matter discussed briefly in chapter I. No one who has had ex- 
perience of it can doubt the reality of the joy of creative activity, 
or of making an original discovery, however trifling. This does not 
necessarily involve revealing new knowledge but of finding for 
oneself something fresh, even though it had been known for a 
thousand years. Very few, if any, young students of mathematics, 
are entirely without this happy experience, and some have 
regarded this as one of the main ends of the education of man— 
“his vocation is to be a creator”? (see p. 21). 

The present writer in this simple instance renewed once more 
the pleasure that has often been his when, while he concentrated 
on a topic of mathematical interest, some “new thing” has swum 
into the field of his mental vision. That the series of golden cuts 
applied repeatedly to the golden rectangle, resulting in an un- 
ending sequence of similar rectangles (Chap. V, p. 61), could be 
paralleled in the analogous case in three dimensions was of course 
a very minor “discovery”; nevertheless, it provided a taste of the 
unique joy of creative activity of a sort which can become the ex- 
perience of anyone who will take a little trouble to dig beneath 
the surface of mathematics. 

But the main point I wish to emphasize here is not the satis- 
faction imparted to the discoverer by his discovery, but rather 
the multiplication of his solitary pleasure as he, by showing his 
““new thing” to others, enlarges the vision of those who are able 
empathetically to share his creative joy. Is this not, effectively, 
what the artist, the mathematician and the scientist achieve 
on behalf of mankind—a widening and clarifying of mental 
vision? A new insight into truth, a new specimen of beauty, once 
it is recorded and shared, is not lost but added to the growing 
store. Civilization, as the centuries pass, is becoming ever more 
richly endowed with beauty of an ever-widening range—from a 
cave painting to a Rembrandt, from a Greek temple to Coventry 
cathedral, from African drumming to a Beethoven symphony. 

The ancient Greeks uncovered many lovely things in the realm 
of mathematics, but the store of beauty in this discipline has today 
become immeasurably greater. It is true that the greater part of 
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this demands considerable mathematical training for its appre- 
ciation, but there remains a large and growing area—an area, 
moreover, without limits—open to exploration by the mathe- 
matician of humble attainments. The simple specimen which 
follows illustrates this point. 

Consider the problem of finding the dimensions of a cuboid 
(rectangular parallelepiped) of unit volume which has a diagonal 
2 units in length. 

Suppose the lengths of the edges are a, b, and c. Then: 


a-b-c =) - (i) 
Ve@+h+c?=2 (ii) 


If only the ratios of these lengths are required, we may without 


Fig. 7.4. The golden cuboid: base 


loss of generality write b = 1, provided that a-c can have the 
value unity and that a? + c? = 3. Nowit is evident from figure 7.4, 
which represents the base of the cuboid of unit height, that a-c 
has a maximum value when a = c = V3/2, so that a-c may have 
any value from zero to 3/2. 

From (i) we have c = 1/a; substituting in (ii) we obtain 


@+1je=3, ie, at—3a+1=0, 


whence 


e l+g=¢ 


_34+V5 . 
-—— = 
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so that a = ¢, the golden section. This, as we have seen, is the 
positive solution of the equation z? — « — 1 = 0 and has the 
value u,/u,_, aS n—> oo, u, being a number of the Fibonacci 
series. 

Since from (i) c = $~', we find the required ratios to be 


a:b:c = $:1:4¢7! 


It is easily verified that V¢* + 1 + $-* = 2, the diagonal. 
Moreover, it turns out that these are the dimensions of a cuboid 
of unit volume: ¢ x 1 x ¢-! = 1. 

Here, then, is another example of Phi appearing out of the 
blue! No one meeting this simple problem would have guessed 


Fig. 7.5. The golden cuboid: perspective 


that the solution would involve the golden section. We meet 
again one of the ingredients of the beauty of mathematics de- 
scribed in chapter V, surprise at unexpectedly meeting an old 
friend! 

As we inquire further into the properties of this solid, we shall 
discover other features which justify our naming it the golden 
cuboid. 


1. It is clear from figure 7.5 that both the lengths of the edges 
and the areas of the faces are in geometrical progression: 


$-1:1:¢ = 1:4:4? 
2. Four of the six faces are golden rectangles. 


3. While its volume is that of a unit cube, the total surface area 
of the golden cuboid is 24 + 1 + 47!) = 4. 
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4. The ratio of the area of a sphere circumscribing it to that of 
the cuboid is 7—an interesting result. 


We have mentioned here four of those features, but diligent 
digging might well extend the list. For example, we might wonder 
what the radius of gyration of this cuboid about an axis of 
symmetry might be; or, perhaps, what would be the volume of 
the symmetrically inscribed ellipsoid; and other such inquiries, 
any of which might conceivably produce a pleasant surprise. The 
limit to this seems to be set by our lack of imaginative power. 

One further point is of interest. 

We have seen (Fig. 5.1, p. 61) that if a square is cut off fbn 
a golden rectangle, the figure that remains is a golden rectangle 
¢~? times the area of the original and that, of course, this dissec- 
tion may be repeated an indefinite number of times with the same 
result. Now, if two cuboids of square cross-section(#~! x ¢~")are 
cut off from the golden cuboid (broken lines, Fig. 7.5), the lengths 
of the edges of the remaining cuboid are in the same ratio as those 
of the original cuboid, so that this is also a golden cuboid, ¢~? 
times the volume of the original. 

The repetition of the decapitation process will lead to an 
indefinitely small cuboid enclosing a limiting point. The deter- 
mination of the location of this point is offered as an exercise to 
the reader. 


THE LOGARITHMIC SPIRAL 


We come finally to one of the most beautiful of mathematical 
curves. It is known as the /ogarithmic spiral. For a reason which 
will appear later (Chap. XIII) it is also called the equiangular 
spiral. We shall learn that these spirals have been of common 
occurrence in the natural world for millions of years. 

We shall find that, in studying this spira mirabilis, we are not 
transgressing the declared limits of this anthology, since the 
golden section and the pentagram (Chap. II) of Pythagoras and 
the Fibonacci series (Chap. IV) of Leonardo of Pisa are all 
associated with this remarkable curve. 

This elegant spiral will make an appeal first to our artistic 
sensibilities and only second to our sophisticated mathematical 
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appreciation. One wonders whether this prior appeal of the curve’s 
form is related to the fact that it has been a familiar sight in the 
world of Nature since there were men to see it. 

We begin with an intriguing property of the golden rectangle, 
introduced in chapter V (Fig. 5.1). Given such a rectangle ABCD 
(Fig. 7.6), in which AB: BC = ¢:1; through E£, the golden cut of 
AB, draw EF perpendicular to AB cutting off from the rectangle 
the square AEFD. Then the remaining rectangle EBCF is a 
golden rectangle. If from this the square EBGH is lopped off, the 


Fig. 7.6. Logarithmic spiral 


remaining figure HGCF is also a golden rectangle. We may sup- 
pose this process to be repeated indefinitely until the limiting 
rectangle O, indistinguishable from a point, is reached. 

The following features of interest in this figure should be noted: 


1. The limiting point O is called the pole of the equiangular 
spiral which passes through the golden cuts D, E, G, J, -°-. We 
shall see later (p. 172) that the general equation of this spiral is 


r= aei cre 


(The sides of the rectangle are nearly but not quite tangential to 
the curve.) 

2. Alternate golden cuts on the rectangular spiral ABCFH --- 
lie on the diagonals AC and BF. This suggests a convenient method 
of constructing the figure. 
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3. The diagonals AC and BF are mutually perpendicular. 

4. The points E, O, J are- collinear, as also are the points 
G, O, D. 

5. The four right angles at O are bisected by EJ and DG so that 
these lines are mutually perpendicular. 

6. AO/OB = OB/OC = OC/OF = ---. There is an infinite 
number of similar triangles, each ink one-half of a golden 
rectangle. 


The first of the six features shows the connection between the 
logarithmic spiral and the golden section. 

The relation to the Fibonacci series is evident from the figure, 
for the spiral is seen to pass through diagonally opposite corners 
of successive squares such as DE, EG, GJ,--+. The lengths of the 
sides of these squares form a Fibonacci series. If the smallest 
square shown in figure 7.6 has a side of length d, the adjacent 
square has side of length d also, the next square has side of length 
2d, the next 3d and so on, giving the series 1d, 1d, 2d, 3d, 5d, 
$d.-::. 

Another interesting property of the spiral is worth noting. 
However different two segments of the curve may be in size they 
are not different in shape. Suppose a photograph were taken 
with the aid of a microscope of the convolutions near the pole O, 
too small to be visible to the unaided eye. If such a copy were 
suitably enlarged it could be made to fit exactly on a spiral of the 
size of figure 7.6. The spiral is without a terminal point: it may 
grow outwards (or inwards) indefinitely, but its shape remains 
unchanged. 

This is one of the points of contact between the Fibonacci 
series and the world of nature. The successive chambers of the 
nautilus sea shell (frontispiece) are built on a framework of a 
logarithmic spiral. As the shell grows the size of the chambers 
increases but their shape remains unaltered. 


. WA ee ee ee ee 


Further Examples 


Inthe previous chapter we presented simple examples that required 
only elementary mathematical attainments for their appreciation. 
In this chapter we have the same end in view, but rather more 
advanced mathematics will be involved. We adhere to our plan to 
draw illustrations from the limited field of the golden section. This 
makes the point that needs emphasis, that one has not to roam 
very far to find interesting specimens: they often present them- 
selves for inspection. Since four-fifths of the results obtained in 
this chapter are original creations of the last twelve months, it is 
probable that they are new to elementary mathematics; this 
helps to justify the claim that the limits are not over-restrictive. 

All but one of the examples in this chapter are from plane and 
solid geometry. It is often said that the teaching of geometry is “on 
the way out,” to make room for “modern mathematics”—sets, 
groups, matrices, etc. This is probably unavoidable, but none the 
less regrettable. Some of the loveliest gems of elementary mathe- 
matics lie in the realm of geometry. However great may be the 
utilitarian value of the binary notation and computers, they are no 
substitute for the aesthetic worth of such disciplines as advanced 
plane geometry and conic sections. 
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This raises a question of some practical importance. Should 
mathematics be studied with a utilitarian objective in mind or 
with a view to its aesthetic values? Both are important, but for 
school children and university students, I would give the latter 
priority. There is today a strong and growing movement to make 
mathematics interesting to school children, in the hope of reducing 
numbers of those who say “I hate mathematics!” and of increasing 
the number of mathematicians essential for meeting the needs of 
industry. These are commendable objectives, but I would aim 
higher than this. Mathematics should appeal to adolescents not 
only because it interests them but also because it satisfies their 
sense of beauty. “Whatsoever things are lovely ...,” wrote St. 
Paul, “think on these things.” 

In an essay published some years'ago in Universitas, a journal 
of the University of Ghana, I wrote under the title “The Motive of 
the Scientist”: 


It seems that it is the aesthetic motive, partly or wholly subconscious, 
which is the inspiration of the man who is the truly representative 
scientist. No evanescent or superficial interest accounts for the patient 
quest and dazzling trophies of natural philosophy. Some puissant 
motion in the deep places of the spirit is required to match the passion 
and the splendour. Joy in created form, the eye for unworldly perfection, 
the response which insight makes to self-authenticating truth—such are 
more commensurate with the beauty that is made manifest.! 


To elevate the argument to its highest plane, one might quote 
the Westminster Catechism: 


QuEsTION—What is the chief end of man? 
ANSWER—To glorify God and enjoy Him for ever. 


Is this too “elevated”’ for children? If, as has been said, Beauty 
is a word of God, should not youth be taught this language? Be- 
cause he has spoken his native tongue for a decade or more, the 
child in quest of aesthetic pleasure will go straight to the school 
classroom where poetry and literature or music are taught. But, if 
only he had learned the Creator’s vocabulary, he would make a 
beeline for the classroom where science and mathematics are 
taught, where the feast of beauty is unlimited both in abundance 
and variety. Every discerning teacher knows that in the sphere of 
the created world, Beauty is an utterance of the divine voice, but 
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scarcely one in ten thousand attempts to teach this language to the 
rising generation: “It’s not in the syllabus.” 


TRISECTORS OF AN ANGLE 


We have seen that there is a connection between Phi and the 
Fibonacci series, and that there is also a connection between Phi 
and the trigonometrical functions of 7/20 radians. Both of these 
features are found in the next elementary problem. 


Problem: The trisectors of an angle 36 divide a straight line into 
three segments of lengths equal to three members of the Fibonacci 
series, u,, U,41, and u,,3. Find the limiting value of @ as n ap- 
proaches infinity. 


As n tends to infinity u,,.;/u, > ¢ and u, ,,/u, > ¢°. Set out ina 
straight line segments as follows: 


AB=1, BC=¢, CD=¢=2+1- (Fig. 8.1) 


<—— $- <-1 -><--$--»e ------ Papen gs ome 


Fig. 8.1. Trisection of an angle 


We seek a point P such that 7 APB = 7 BPC = (CPD = @. 

PB is the bisector of / APC; hence, by a well-known theorem, 
P lies on the locus of points for which PC:PA = BC: BA = ¢:1. 
This locus is a circle having BB’ as diameter, where B’ divides AC 
externally in the same ratio as B divides it internally. Then it is 
easy to show that E is the center of this circle of radius EB = 
¢+1= AC. 

Again, since PC is the bisector of 7 BPD, P lies on the locus of 
points for which PD:PB = CD:CB = ¢°:¢ = (¢ + 1):1. 
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This locu: is a circle passing through C., Its radius can be shown 
to be ¢ + | also, its center being at A, where AC = ¢ + 1. 

These two circles of equal radius intersect above the line B’D 
at the point P. Thus P is the required point. 

By using the dimensions and labels shown in figure 8.1 it is 
easily seen that cos / PAE = 1(2¢), so that 7 PAE = 72° (see 
p- 40). 

By expressing CP in terms of ¢ (if PN is perpendicular to ND, 
CP? = PN? + NC?) it can be shown to equal CD so that B = 0. 

Hence 36 + B = 40 = /PAE = 72°. Therefore 6 = B = 18°. 

An alternative method of solution is to consider the cross-ratio: 
P{ABCD} 


BC-AD _ sin 6-sin 38 
AB-DC sin 6-sin 6 


whence 
o(¢? + ¢°) _ sin 30 2 
¢° sin 0 ve 
Hence 4 cos? 6 = ¢* + 1 = ¢ + 2. Therefore @ = 18° (see p. 
40). 


PHI: ANOTHER HIDING PLACE 


The following example produces a useful result. It allows us to 
find in a speedy and straightforward fashion the position of the 
golden cut of a line of given length below an upper limit. In 
addition, it is attractive in its simplicity and provides a further 
instance of our unexpectedly uncovering a novel hiding place 
for Phi. 

A circle B is cut out from a circle A which it touches internally 
at O (Fig. 8.2). The area of B is such that the centroid of the lunar 
remnant (A — B) lies on the circumference of B at C. 

Let the linear dimensions of A and B-be in the ratio a:b. Then 
the areas of the two circles and the lune may be written as Aa’, 
b+, and A(a? — b*). Let C,, C,, and C be the centroids of A, B, 
and the lunar remnant. These are collinear. Taking moments 
about O, 


da? OC, — Ab?-OC, = A@ — b?)-OC 
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Fig. 8.2. Centroid of a lune 


Dividing by Ab”- OC, 


B OC, P OC, 
But 
OC... a OC 
2 = — d —— = 2 
Beebe tia wawGGs 
Hence 


1.e., 


whence 


a 
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It follows that any chord OP of circle A is cut in the golden ratio 


by the circumference of B(Q). 
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The example can be generalized to apply to two similar plane 
figures A and B of any shape, regular or irregular, provided that - 
the straight line through C,,C,, and the common point O is 
similarly situated with respect to A and B. 


THE TETRAHEDRON PROBLEM 


This example is more difficult than the preceding. Nevertheless, 
when it was published in the mathematical column of the well- 
known.-Journal of the Assistant Masters Association (Feb. 1966, 
p- 75), one of the first correct solutions received was from a 
seventeen-year-old school boy. The problem is included here with 
the kind permission of the editor as a further instance of the 
ubiquity of Phi. Solvers seemed to enjoy the problem and ex- 
pressed their thanks, using such epithets as “nice,” “amusing” 
...! Several pointed out that the enunciation of the problem 
should have excluded the case of four congruent triangles. This, 
however, is a trivial solution. 


Here is the problem: 


The faces of a tetrahedron are all scalene triangles similar to one 
another, but not all congruent, with integral sides. The longest 
side does not exceed 50. Show its network. 

The limitation to integral values being waived, show that the 
ratio of the length of the longest to that of the shortest edge has a 
limiting value, and find it. 


The solution is as follows: 


Two triangles may have five parts of the one congruent with five 
parts of the other without being congruent triangles. If the tri- 
angles are not congruent, their congruent parts cannot include the 
three sides. Hence the triangles must be equiangular, and it is 
easily shown that the lengths of the sides must be in geometrical 
progression: a, Aa, da. If a is the shortest edge, \°a is the longest 
(A > 1). 


Since a+ Aa > Aa, 


¥-’-1<0,0rA-—PA=47 <0 
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where ¢, ¢’ are the roots of 


¥-A-1=0 (=(1 + V5)/2 = 1.6180---, 
¢’ = —1/¢ = (1 — V5)/2 = —0.6180---). 


Hence 
¢ <A<¢ 


The inequality shows that A cannot be greater than ¢, the 
“golden ratio” of the Greeks, so that the limiting value of the 
ratio of the length of the longest edge to that of the shortest of 


the tetrahedron is $3 = V5 + 2. 


12 


18 


Fig. 8.3. Tetrahedron net 


To construct the network of the tetrahedron fulfilling the speci- 
fication, we require four lengths in geometrical progression: 
a, Aa, a, 2a. Since they are integral, A must be a simple ratio 
such as 3/2. In this case, \7 = 9/4 and a must be a multiple of 4; 
Ma < 50 means that a < 15. 

The required solution is a = 8, Xa = 12, a = 18, Na = 27 as 
edges of the tetrahedron. Figure 8.3 shows the net. 


TWO TRIANGLES 


For the following interesting addition to this Anthology I have 
to thank a correspondent, F. M. Goldner, Esq. 

A triangle ABC has sides such that a > b > c. A second triangle 
has sides 1/a, 1/b, 1/c. 
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Prove that a/c has an upper limit and find it. 
1 

a-c<b, -— 
c 


By multiplication, (a — c)*/ac < 1, i.e., (a?/c?) — 3(a/c) + 1 < 0, 
i.e., 
Gvinesit aed Reed uslescd 
The first factor being smaller than the second, the first must be 
negative and the second positive; hence 


a 34+V5 


ern 


( ER ENG i VAhin 9 


i.e., a/c < $7, the required upper limit. 
The next problem brings us from geometry to analysis. 


LOG OF THE GOLDEN MEAN? 


Find the value of a satisfying the equation n" + (n + a)" = 
(n + 2a)" in the limit as n—> oo. 
We use the fact that lim [1 — (a/n)]" = e*. 


no 


Dividing the given equation by n", we have 


1+ (1-4) = (1-2) 
n n 
In the limit as n> ©0 this is 1 + e* = e*. 
Writing e* = y, y? — y — 1 = 0. Thus y = e* = ¢. Therefore 
a = log, ¢. Thus, a is the natural logarithm of the golden mean: 
1+ V5 
a = log, + or e=¢ 


The concluding pages of this chapter will serve as interesting 
reading as well as useful practice for those who have an acquain- 
tance with the coordinate geometry of the conic sections. If the 


~ 


=? 
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eccentricities of these curves are expressed in terms of the golden 
section, the curves are linked to each other in a truly fascinating 
manner. Only a few of the remarkable results of connecting e and ¢ 
are listed here, but the reader may be glad to find his own further 
evidence of harmony. These results, which (as far as the writer is 
aware) have not been published before, stand as a demonstration 
of the fact that even in the field of elementary mathematics, some 
jewels remain to be uncovered. 


PHI AND THE PARABOLA 


Interesting properties are associated with the focal chord PQ 
of the parabola y* = 4ax, when the parameter of P is the golden 
section, ¢, i.e., P is (a¢*, 2a¢). 

Referring to figure 8.4, let the focal chord PSQ be produced to 
cut the y-axis in A, the directrix in R. Let LL’ be the latus rectum, 
T be (6a, 0) and / PST = @. 


Fig. 8.4. Phi and the parabola y? = 4x 
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Let PL produced meet the x- and y-axes in a, 8; L'Q meet these 
axes in «’, 8’; PL’ in X,, Y;; QL in X2, Y>. 

Let the tangents at P, Q meet the z- and y-axes in y, y’, and 
5, 8. 

Properties of this focal chord are interesting on account of their 
simplicity and the number of segments expressible in integers. To 
bring this out the more clearly we let a = 1 in y” = 4ax. The 
interested reader will derive some satisfaction from verifying the 
following. 


1. The focal chord from P(¢?, 24) terminates in Q, and Q is 
($7, 2¢’). It intersects the y-axis and the directrix in (0, —2) and 
(—1, —4) respectively. 

2. S being the focus, PS = ¢ + 2, QS = ¢' + 2, so the length 
of the focal chord is 5. Its gradient is 2, i.e., tan 8 = 2. 

3. T being (6, 0), P, O, Q, T, and L’ are concyclic. 

4. PR = 54, OR = —5¢’. 

5. PL’ and QL intersect on the directrix. 

6. The gradients of the tangents at P, Q are —¢' and —¢ 
respectively. 

7. The tangents and normals at P and Q form a rectangle 
PNOM, the area of which equals that of the triangle POT = 5Vv5, 
i.e., 5(¢ — $’). The centroid of the rectangle G, the mid-point of 
PQ, is (3/2, 1). 


Other results expressible in small integers refer to distances 
separating certain intersection points. 

Tangents. A well-known theorem states that the tangents at the 
end of a focal chord intersect at right angles on the directrix. In 
this case they intersect at M, (—1, 1). They meet the latus rectum 
(produced) in points symmetrically placed with respect to the 
x-axis, at distances from it of ¢ — ¢’ = V5 and ¢’ -—¢= — V5. 
They meet the y-axis at (0, 4) and (0, ¢’), their separation being 
= ¢), ie, 8’ = V5. 

Normals. Normals to the curve at P and Q intersect at right 
angles at N(4, 1). MN = 5; it is parallel to the x-axis. 

Chords. These are: aa’ = 1, BB’ = 2, X,X, = 1, Y, ¥2 = 2. 

Golden Sections. The following ten segments are divided in 
the golden ratio (4:1) by the points indicated: 
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SEGMENT POINT SEGMENT POINT 
1 PSA Ss 6 Eee p’ 
2 SOA bong 7 PLB L 
3 oLP L 8 VEE Oo) iQ 
4 «QL’ Q 9 PLE PA 
5 LBa B 10 LX,0 x 


Finally, if the parabola is drawn on the ellipse/hyperbola figure 
(Fig. 8.5) with the same origin and on the same scale, then: 

1. The latus rectum of the parabola is the directrix of the 
hyperbola. 


Fig. 8.5. Golden and conic sections 


ELLIPSE PARABOLA HYPERBOLA ASYMPTOTES 
ay a 2 b x 
—-+—=]1 2= 4¢ —_—-—=]1 =+-=>+-— 
$* 1 . ¢ 1 ¥y x V/ ¢ 
e2 = —¢’ ated 2 


e 
a=+¢ a 
b=1 b 
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2. The directrix of the parabola is the image in the y-axis of the 
directrix of hyperbola. 
3. The hyperbola asymptotes intersect the parabola in the 


points (44, 44) and (—44, —4V4). 


GOLDEN AND CONIC SECTIONS 


A conic section—ellipse, hyperbola or parabola—may be con- 
sidered either as a section of a right circular cone by a plane, or as 
the locus of a point which moves so that its distance froma fixed 
point (the focus) bears a constant ratio to the distance from a 
fixed line (the directrix). 

The shape of the curve is determined by this ratio, which is 
called its eccentricity and is denoted by e. 


For the ellipse, e< 1 
For the parabola, e = 1 
For the hyperbola, e > 1 
For the parabola, e is single-valued, so that all parabolae have 
the same shape. If, however, the eccentricities of the ellipse and 
hyperbola are the “golden section”’ of the Greeks, interesting 
relationships result. 
The golden section is defined in the first instance geometrically : 


a line AB is divided in the golden section, Phi, by a point C when 
AC/CB = AB/AC (Fig. 8.6). Then Phi is one of the roots of 


A C B 
1 | 


Fig. 8.6. Golden cut 
a2 —2x—1=0. As we know, ¢=(1 + V5)/2 = 1.6180---, 
the other root being 4’ = (1 — V5)/2 = —0.6180---. 
dv =-1, ¢+¢=1, $-¢'=V5 


If the eccentricities of the conic sections are given the following 
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values, the major and minor axes of the ellipse and hyperbola are 
determined: 
Ellipse: e =—-¢', BP =a(1 — &) = a($' + 1) = a? 
Parabola: e? = (¢ + ¢’? 
Hyperbola: e* = 4, b? = a(e? — 1) = a(¢ — 1) = —a’d’ 
Let us, for simplicity, ascribe unit length to b. Then 


2 
For the ellipse: e=V-¢',a= +4,b= Lo . =1 
a2 
For the hyperbola: e = V¢,a = V4, b = 1, g 


Setting out these two curves and the asymptotes of the hyper- 
bola y = +2/V¢ on coordinate axes (see Fig. 8.5), so that their 
centers coincide with the origin, the significant points and lines 
associated with them being marked, we observe the following facts 
concerning the distances of points on the z-axis from the origin O: 


a. they are all simple functions of 4 
b. they form a geometrical progression 
c. there are remarkable coincidences (at A,, and A,). 


POINT DISTANCE FROM O DESCRIPTION 
oO 0 Origin 
Zy ¢° Hyperbola directrix 
de gil? a focus 
Hyperbola vertex 
A $ pe vertex 
z Hyperbola focus 
Zz $2 Ellipse directrix 


Certain segments are divided in the golden ratio in a reciprocal 
fashion: 


OA; by Zy 
OZ; by Ay 
Perpendiculars to the axis at the five points being cut by the 
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ellipse, hyperbola, and asymptote, the lengths of all the segments 
may be expressed as functions of ¢, and more coincidences are 
revealed: | 


SEGMENT LENGTH DESCRIPTION , 

eee semi-minor axis 
ve ne es ieee. semi-minor axis 

Intercept of hyperbola directrix by 

Z.7' ellipse 

i Sa Intercept of hyperbola directrix by 

its asymptote 
ar _¢ hae semi-latus rectum 


eve tangent at vertex’ 

5, Ellipse: semi-latus rectum produced 
4A yn Stetina Tp oa tangent at vertex 

’ — Ellipse: tangent at vertex 
ArAs ia peecouy semi-latus rectum 
AA’; V¢ Intercept of tangent at ellipse vertex 
and of hyperbola semi-latus rectum 
produced, by asymptote 


ZZ’ V¢ Intercept of ellipse directrix by hyper- 

bola 
ZpZ Bp ¢ Intercept of ellipse directrix by 

asymptote 
Note especially : 


1. The concurrence at Z’,, of ellipse, hyperbola directrix and 
asymptote. 

2. The reciprocation between A,,A’,, and A;A’,. 

3. The reciprocation between ordinates at Z,, and Z,. 

4. The following equalities: 


i. OB = AyA" q a ¢ + ¢’ 
ii. ZyZ'n = A;A'; =V —¢’ 
iii, ApA"~ = ZpZ'p = VO 
5. Certain segments are divided in the golden ratio: 
i. AyA"y by A’y 
ii, AgA", by A’; 


+ 
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The following details relative to the ellipse are worthy of note: 


Any transversal of the y-axis and the directrix (Z,) is divided in 
the golden ratio by the latus rectum of the ellipse. In particular, 


1, The focus A, so divides OZ,. 

2. A" so divides OZ” ;. 

3. The tangent to any ellipse at the end point of its latus rectum 
(A’,,) intersects the directrix at the point where it crosses the major 
axis produced (Z,). In this case the point of tangency (A’,) 
divides the transversal between the axes internally in the golden 
ratio. Moreover, the lengths of the intercepts on the x- and y-axes 
are ¢*? and ¢ (=the semi-major axis) respectively. 

4. The area of the ellipse is 7¢. 


The following details relative to the hyperbola are parallel to 
these: 


Any transversal of the y-axis and the latus rectum (A,) is 
divided in the golden ratio by the directrix (Z,,). In particular: 


1. The point Z,, so divides OA,. 

2. The point Z’;, so divides OA" ;. 

3. The tangent to any hyperbola at the end point of its latus 
rectum (A’,) intersects the directrix at the point where it crosses 
the transverse axis (Z;,). In this case the point of tangency (A’,) 
divides the transversal between the axes externally in the golden 
ratio. Moreover, the lengths of the intercepts on the x- and y-axes 


are ¢ + ¢’ and V4 (= the semi-transverse axis) respectively. 


Finally, referring to both curves, the corresponding end-points 
of their latera recta are collinear with the origin of coordinates, O. 


Co BbiiResPy Ti EB«R Lo 


Patterns 


It is a matter of common observation that patterns can be a source 
of aesthetic pleasure, whether they are found in nature or in the 
creative output of a mathematical imagination. A snowflake is a 
pattern comprised of equilateral triangles of identical design 
joined to form a hexagon. The honeycomb is comprised of con- 
joined hexagons. In chapter V, figure 5.5, we found that a pattern 
of golden rectangles gave rise to an equiangular spiral. Other ex- 
amples will occur to the reader. 

The mental activity involved in the appreciation of a pattern is 
that of perceiving relationships. That this is an ancient activity is 
shown by the way in which ancient unremembered astronomers, 
before the Christian era, brought certain bright stars into associa- 
tion with one another to form the constellations: Orion, the 
Hunter; Delphinus, the Dolphin; Aquila, the Eagle; Ursa Major, 
the Great Bear, and others. 

When one contemplates a pattern, its various parts must be 
mentally related to the whole and the pattern must be grasped and 
appreciated as a whole. The pattern of notes of a melody form a 
sequence in time, but unless memory allows the whole to be 
grasped in an instant, the beauty vanishes. The repetitive contiguous 
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hexagons of the honeycomb are seen as a unity; likewise the ex- 
panding equiangular spiral segments of the nautilus sea shell. 
Their beauty lies in “the reduction of the many to the one.” 

As well as visual patterns and designs, there are aural examples. 
Rhythm is a pattern in sound. It can be simple, like the pulse beat, 
or it can be complex, like some Indian drum music. Rhythm is 
heard in poetry as well as in music. Sometimes both are con- 
spicuous simultaneously as in Coleridge Taylor’s musical setting 
of Longfellow’s “ Hiawatha.” 


CHESS PROBLEMS 


An example of a design superimposed on a background pattern, 
conceived and constructed to provide aesthetic pleasure, is a 
problem set out on a chess board. Figure 9.1, in which White is to 


WHITE 


Fig. 9.1. White to play and mate in two 


play-and mate in two moves, is an illustration. A chess problem, 
Hardy writes, is “simply an exercise in pure mathematics ...,” 
and “...chess problems are the hymn-tunes of mathematics.””! 
Hogben’s remark that “the aesthetic appeal of mathematics 
may be very real for the chosen few” implies that the discipline 
has no widespread appeal. To realize that this is a fallacy, one has 
only to think of the multitudes of chess enthusiasts throughout the 
world. Supporting evidence is found in the wide variety of news- 
papers and other journals in many languages which regularly 
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publish chess problems. Few will question that the composing or 
the solving of a chess problem is a rich source of aesthetic pleasure. 
An eloquent witness to this is Vladimir Nabokov: 


Frequently, in the friendly middle of the day, on the fringe of some 
trivial occupation, in the idle wake of a passing thought, I would ex- 
perience, without warning, a spasm of acute mental pleasure, as the bud 
of a chess problem burst open in my brain, promising me a night of 
labour and felicity. It might be a new way of blending an unusual 
strategic device with an unusual line of defence; it might be a glimpse, 
curiously stylised and thus incomplete, of the actual configuration that 
would render at last, with humour and grace, a difficult theme that I*had 
despaired of expressing before.... Whatever it was, it belonged to an 
especially exhilarating order of sensation... . The strain on the mind is 
formidable; the element of time drops out of one’s consciousness alto- 
gether. 

But whatever I can say about this matter of problem composing I do 
not seem to convey sufficiently the ecstatic core of the process and its 
points of connection with various other, more overt and more fruitful, 
operations of the creative mind.... The event is accompanied by a 
mellow physical satisfaction, especially when the chessmen are be- 
ginning to enact adequately, in a penultimate rehearsal, the composer’s 
dream... .” 


EULER’S FORMULA 


Another example of the satisfaction to be found in patterns and 
designs in mathematics is a famous one that interrelates convex 
polyhedra, including the quintet of five regular polyhedra familiar 
to the ancient Greeks. Mystical properties were ascribed to these, 
but in more recent times a simple and beautiful relationship be- 
tween them has been revealed by the genius of one of the greatest 
mathematicians: Euler. 

Euler’s formula is easily stated. If F, V, and E denote the number 
of faces, vertices, and edges of any convex polyhedron, then 


-F+V=E+2 


The truth of this relationship in respect of the five polyhedra 
mentioned above may be tested at once by reference to the follow- 
ing table: 
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F V E 
Tetrahedron 4 4 6 
Cube 6 8 12 
Octahedron 8 6 12 
Icosahedron 20 i 2 30 
Dodecahedron 12 20 30 


But the formula applies to any convex polyhedron. To confirm 
this, take as an example a square pyramid mounted on a cube 
(Fig. 9.2). Here F = 9, V = 9, E = 16. 


Fig. 9.2, Pyramid on a cube 


Another example might be a truncated pentagonal pyramid 
(Fig. 9.3) in which F = 7, V = 10, E = 15. 


anon 


Fig. 9.3. Truncated pyramid 
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If the reader will make a few similar experiments for himself, he 
will find that the verification of Euler’s formula affords him some 
mental satisfaction. He will then be in a position to inquire, intro- 
spectively, wherein the pleasure lies. It may prove that the recipe 
for such pleasure includes such ingredients as the neatness and 
brevity of Euler’s formula, flavored with the spice of surprise and 
the sense of power which stems from bringing all convex polyhedra 
under one simple, all-embracing rule. 


MAGIC SQUARES 


An effective if somewhat trivial example of an arithmetic pattern 
is the magic square, in which each row of numbers, each column 
and each diagonal adds to the same number (Fig. 9.4). The cult of 


Fig. 9.4. Magic square (order 3) 


the magic square has existed for many centuries and numerous 
books have been published on the subject. 

The order of a magic square is the number of “cells” which make 
up one side of the square. There is only one square of order three 
but there are 880 of order four. The number of magic squares of 
order five is not known, but it is in the millions. 

Although a section on magic squares may seem to be too 
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frivolous to be worthy of consideration under the heading of 
beauty in mathematics, we shall see that it justifies itself as an 
example of patterns and designs. And as to the general topic of 
this book, a type of magic square can, as we shall see, be made 
from members of the Fibonacci series. 

The only third-order magic square is shown in figure 9.4. By 
joining the odd-numbered cells in serial order with a line, and the 
even-numbered cells similarly with a line, we obtain the simple 
pattern shown in the figure. 

The fourth-order squares contain a species with very remarkable 
properties. These are called “diabolic.” An example is shown in 


Fig. 9.5. Magic square (order 4) 


figure 9.5. Not only does this exhibit the usual properties—rows, 
columns, and diagonals adding to the same total (34)—but several 
other groups of 4 cells—the four corners cells, any group of 2 by 2 
cells, etc.—also add to 34. Again, by joining the odd-numbered 
cells in serial order with a line and the even-numbered cells serially 
with another line, we obtain the type of symmetry shown in 
figure 9.5. 
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The interchange of the top and bottom rows, or of the left-hand 
and right-hand columns, or both, does not change the properties 
of the square, but it will of course change the appearance of the 
line patterns, all of which show symmetry about a square bisector. 
A more complicated pattern is obtained by joining the numbered 
cells in serial order without distinguishing between odd and even 


Fig. 9.6. Magic square (order 5) 


numbers. A pattern of this type is shown for magic square of order 
five (65) in figure 9.6. 

The unfailing emergence of these patterns in every magic square 
is unexpected and intriguing. Why should any and every magic 
square of any order give rise to such attractive patterns, no two 
alike? 

It is a simple matter to form a magic square of any order in 
which the products of the rows, columns and diagonals are the 
same. An example of the third order follows: 
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In this the product is 4096 and each cell contains a power of 2 
from 2° = 1 to 28 = 256, the indices being the numbers found in 
figure 9.4. 

A sort of magic square can be formed with any consecu- 
tive members of the Fibonacci series. An example will make this 
clear. 

Take any 9 consecutive numbers from the following series: 


DV; V2 V3; Ug Vs Ve Vz Vg Vy 


Only bucdi Syd (8.013 234055, 89,144), 2336 377 


Now form a magic square in which the subscripts of v add to 15 
(Fig. 9.4). 
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Substitute for these the corresponding Fibonacci numbers: 


The sum of the products of the three rows is 9078 + 9240 + 
9360 = 27678. The sum of the products of the three columns is 
9256 + 9072 + 9350 = 27678. 


POLYGONAL NUMBERS 


Another byway in which one finds interesting examples of 
mathematical patterns is that of polygonal numbers. We shall con- 
sider triangular, square, and especially—in harmony with the theme 
of our anthology—pentagonal numbers. We shall again discover 
curious and surprising relationships which link these number 
series, but their rationale is easier to grasp than that of the 
mysterious patterns issuing from magic squares. 

The subject is a much larger one than the brevity of this notice 
might suggest. Enough is said, however, to fulfil the present pur- 
pose, which is to provide clear and compelling examples of the 
beauty and fascination of some of the patterns which illuminate 
much of the territory of elementary mathematics. 

We have seen that the disciples of Pythagoras were especially 
interested in the regular five-sided polygon, which has been shown 
to harbor examples of the golden section. Their order had chosen 
for its symbol the interwoven triple triangle—the pentagram (p. 
28). The relation of the golden section to various geometrical 
ratios of this symbol is set out on p. 29. We have seen that the 
sectio auri is associated also with the Fibonacci series, with the 
roots of 2* — « — 1 = 0, and with other byways of mathematics. 
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We now make an excursion into a topic which well deserves a 
place under the heading of “patterns”’; it finds a connection with 
our general theme through pentagonal numbers. That the subject 
cannot be regarded as trivial is indicated by the circumstance that 
—as we shall see—it was not beneath the notice of some of the 
greatest mathematicians, such as Fermat and Euler. 

Polygonal numbers are series whose name derives from their 
association with the shapes of regular polygons—triangle, square, 
pentagon, etc. The formation of such a series may be illustrated by 
considering the triangular numbers, which are diagrammatically 
represented by the following patterns: 


Oo 
oO Oo O 
1@) 2 ©, Oo: © 
Oo oO 9 oO: © © Oi 1D 
1e) SIRS ©, oOo, oO © OQ 6, 0) © ©: Oo) © 16:0 
Qo! eo Or (1: °O: (OO) (ONO NO) Ogos CO) OO) (Oy OO (OO 
Ma 3 6 10 15 21 


The number of points in each such triangular formation is 
evidently the sum of an arithmetical progression. By counting the 
number of points in each row, starting from the top of the triangle, 
we have 1 + 2+3+4+5+---, the common difference being 
¥. 

The triangular number series has some interesting properties, of 
which two may be mentioned here: 


1. The nth triangular number being n(n + 1)/2andthe(n + 1)th 
being (nm + 1)(n + 2)/2, their sum is 


A EY AE ES os ag 409) eine BP 

P 2 ys 2 a, 2 os 

Thus the sum of two consecutive triangular numbers is a perfect 
square; the square number series is related to the triangular 
number series. 

2. If unity be added to eight times a triangular number we ob- 
tain the square of an odd number: 


(re+ , 


. 8) +1 = 4? + ant 1 = Qn 4 IF 
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The square numbers may be displayed after the manner of the 
triangular numbers: 


Os 0:40 OO 

On 0 (On Ov 0 «OQ, OO 

© iO1e @ On Ong OKO On,Or'O 

Oo Oo 0 “OMe @ “OMOAO GOO TO We 

ie) oO OO" 0 @ ‘Or OY @ oO '1O OOO 
1 4 9 16 25 


Evidently, the nth square number is n’. 
Coming now to the pentagonal numbers, the first five are 
represented in figure 9.7. 


Fig. 9.7. Pentagonal numbers 


The first twelve numbers of the pentagonal number series are: 
S012 (22+ 35+ $1 7-92 -HN7--185--276. 210 


We have seen that the triangular number series is such that any 
member of it is the sum of an arithmetical progression having a 
common difference of unity. Consider now the arithmetical pro- 
gression having a common difference equal to 3: 


14 7 0 13 ledondod 


We have selected every third member of the natural number 
series. If we now sum the first n numbers of this series, we obtain 
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the nth member of the pentagonal number series. For example, the 
fifth member of this series is 


1+4+4+7+4 10+ 13 = 35 


Since the nth member of the above arithmetical progression is 
3n — 2, the sum of the first n terms is 


3n*7 —n 
2 


This turns out to be the nth member of the pentagonal number 
series. To illustrate, take n = 10. The sum of the first ten terms of 
the arithmetical progression is [3(10)? — 10]/2 = 145, which is 
the tenth pentagonal number. 

We may generalize the foregoing examples of polygonal num- 
bers with a formula that applies to a polygon of any number of 
sides. The polygonal numbers series are infinite series but we may 
determine any member of the series by simple substitutions. 

Suppose that the polygon has r sides, and denote the nth 
member of this polygonal series by the symbol P?. Then— 


-1 
n(n . ) (—2) 

The proof of this formula is omitted but we may test it against 
results already obtained. 

Thus, for the triangular number series r = 3, so that the nth 
member of the series is P? = n + n(n — 1)/2 = n(n + 1)/2, as 
already found. 

The tenth member of the pentagonal number series was found 
to be 145. Writing n = 10, r = 5 in the formula, we obtain 

10(10 — 1 
Pi? = e+ — 6 — 2) = 145 

Since P? = 4(3n” — n) = 3n* for large values of n, it follows 
that two-thirds of each pentagonal number, for sufficiently large 
n, approximates to a member of the square number series. 


[1 + Gn — 215 te 


Pr= 22+ n-INr-Ql=nt 


FERMAT’S RULES 


We have already mentioned that the polygonal number series 
are not so trivial as they might seem to be at first acquaintance. 
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The following statements will confirm this. They are due to Pierre 
de Fermat (1601-1665), who was actually a lawyer by profession 
and probably the world’s greatest “amateur mathematician.”’ He 
found that a remarkably simple relationship exists between the 
polygonal number series and all the natural numbers. This may be 
expressed in a series of statements as follows: 


1. Every number is either triangular, or the sum of two, or 
three triangular numbers. 

2. Every number is either square, or the sum of two, three, or 
four square numbers. ; 

3. Every number is either pentagonal, or the sum of two, three, 
four, or five pentagonal numbers. 

4. Every number is either hexagonal, or the sum of two, three, 
four, five, or six hexagonal numbers. 

5. And so on. 


We turn next to a pattern which exhibits the twin virtues of 
beauty and utility. It is sufficiently remarkable and important to 
justify a new chapter. 


wa, . © eS 


Pascal’s Triangle and Fibonacci 


Pascal’s triangle is perhaps the most famous of all number 
patterns. Itis of very ancient standing, being probably more than a 
thousand years old. Its hidden properties have been revealed more 
and more as mathematics has developed through the centuries. 
It is certain that the pattern was known to the Chinese in the 
thirteenth century, and Tartaglia, born at Brescia in 1500, used 
it to find the coefficients of x in the expansion of (1 + x)" fora 
limited number of cases. Pascal made fuller use of the triangle 
in his Traité du Triangle Arithmétique, which he wrote around 
1653. There he uses it both to find the coefficients in the binomial 
expansion (a + 5)" and also to solve combinatorial problems: 
howmany combinations are there of n different things takeri r at a 
time? Pascal also used the triangle to solve problems in prob- 
ability. 

It is evident that a pattern like the arithmetical triangle must 
be included in the bracket of serious mathematics, as distinct from 
mathematics which, while serving as a setting for gems like chess 
problems and magic squares, have borne fruit neither in important 
applications nor as instruments of further exploration of the 
unknown. There are, of course, a very large number of mathe- 
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matical puzzles and games, which, incidentally, testify to the 
widespread popularity of the mathematical discipline; many of 
these can stimulate aesthetic pleasure. But, unless they reveal some 
value as tools or open a door to fields of fresh mathematical 
enquiry, we cannot regard them as serious mathematics, which, as 
in the case of the present section, is both beautiful in itself and 
valuable in its many-sided usefulness. 

Despite the variety of its applications, Pascal’s triangle is of 
very simple construction. At the apex of the triangle is the figure 1 
(row n = 0). The row n = 1 consists of two figures, 1 and 1. 
All other figures are the sums of the two just above them,’e.g., 
10=4+ 6. 


n a 

0 ae 

1 elie 3 

2 “fe Cae Saas 

3 ee Sie SS: Bae 

4 eke ee Oe ae Sa 

5 Pe ae ee, Sena Saar | 

6 he apie aicMniat MAMIE te tte wes ts of 

7 FEB IE Alt Pet IR IN PS, RN 
Gish, Lay wiih onal DE Mauls UE wal 
9 1 36, Sh See. By el F 
10... 4s $0, 45,420 210 282. 210. 120 AS 10. 


Certain other numerical relations are to be noted: 


a. The sum of the numbers in the nth row is 2”. 

b. The sum of all the numbers above the nth row is 2” — 1. 

c. The sum of the numbers in any diagonal (a, b, c, - - -) is the 
number south-west of the last number included. 


Example. Diagonal d: 1 + 4+ 10 +---+ 84 = 210. 
d. Any row numbered 2” — 1 consists of odd numbers only. 
Example. Let n = 3. The numbers in row 7 are all odd. 


e. Consider a definite intersection point, such as the inter- 
section of row 6, diagonal c (number 15). How many different 
routes, beginning at the apex, may be taken by a point which 


PASCAL’S TRIANGLE AND FIBONACCI 133 


moves from intersection to intersection always in a S.E. or S.w. 
direction? The answer is 15. The number 210 may be reached 
from the apex in this way by precisely 210 different routes. 

f. If is a prime number, 7 is a factor of all the numbers in the 
nth row except the 1’s at the ends. 


One of the first uses to be made of Pascal’s triangle was to find 
the coefficients of the expansion of (1 + 2)". These are found in 
the nth row. 


Example: (1 + 2) = 1 + 3a + 3a? + 2° (Row 3). 


CHINESE TRIANGLE 
Properties like these are sometimes made more evident by a 
modification of the array. By displacing the numbers of Pascal’s 
triangle to the left, as shown in the following array, we arrive at 
the “Chinese triangle,” as it was known to Fibonacci. 


r Ls a> SR J SR. ORE Pier ea: SRM eis & Ph Fy 


FIBONACCI 
SERIES 


Oro WOE O29 Sh SoS CASALE 4 HSS Oy BAA es 


MO Wo 2 SEO3S) Zieh il 
if 
a 8 128 56 70’ 356 ~28- 8:1 


1” 9 36 84 126126 84 36 9 1 
1 10 45 120 210 -.. Pe 


a RE cote 55 
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From this array we may read off at once the coefficient of the 
general term of the expansion of (1 + x)". The coefficient of the 
(r + 1)th term is "C,. The diagonals of Pascal’s triangle have 
become the columns of the Chinese triangle. 


Example. The coefficient of the Sth term of (1 + x)? is °C,. 
It is found in row n = 9 and column r = 4, viz., 126. 


Example. Columnr = 2 gives the coefficients of (1 — z)~? = 
1 + 3a + 627 + 10a3+---, 


If + takes the place of — then the signs alternate: 
Example. (1 + #)~? = 1 — 2x + 3a? — 403 +--+. 


The column r = 2 contains the triangular numbers for two- 
dimensional space: 1, 3, 6, --- (p. 127). The column r = 3 con- 
contains the triangular numbers for three-dimensional space: 
1,4, 10---. A comparison of the two columns yields interesting 
results. Twenty tennis balls which can be arranged in a tetrahedal 
array suffice to form precisely two triangles in a plane. Two 
triangles each of 28 balls suffice exactly to form one tetrahedral 
pyramid. 

Another feature of Pascal’s triangle is that it contains the 
Fibonacci series, though there seems to be no record to show that 
Pascal had noticed this. It is possible that Leonardo Fibonacci 
may have stumbled on the series known today by his name 
through an examination of the Chinese triangle. It will be seen 
that if in this latter array numbers are added diagonally—whether 
the diagonals slope upwards to the right or downwards to the 
right—the sums reproduce the Fibonacci sequence (see the 
dashed lines in the array). 

We deduce from this that another method of obtaining a 
member of the Fibonacci series is by a summation of the following 
type: 

"C, ae aa. 3% ia ie aE ate, 5 dhe sila iad th 
that is, 


haa os 
=0 


r= 


the series terminating when n — r = 1 or 0. 
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Example. Let n = 9. 
Co + 8C, + 7, + 9C, = 1484214 2045=55 =u, 
That a Fibonacci number can be obtained by a summation 
alonga line in another direction is due to the fact that"C, = "C,_,: 
°Cy +'8C, + 7C, + 8C, +4, = 
"Cy + *C, + 7C, + °C, + 5C, = uy, 
The possibilities of this remarkable arithmetical pattern are 
not exhausted by this. The Pascal triangle may be used as a 
calculating device to solve problems in “permutations and 
combinations.”” A couple of examples will make this clear. 
Example. 1 wanted to adopt two puppies from the five 
offered to me. In how many different ways can I select my 
pair? Answer. °C). 
The answer is found in row n = 5, column r = 2 in the Chinese 
triangle: 10. 
Example. A hockey club of seven men and nine women has 
to choose a mixed team of five men and six women. How 
many different teams are possible? Answer. 7C, x °C, = 
1764. 
Row n=7, column r= 5 gives 21. Row n= 9, column 
r = 6 gives 84, and 21 x 84 = 1764. 


PROBABILITY COMPUTATION 


Pascal’s triangle can be used as a calculator to determine 
probabilities. This branch of mathematics, which was at first 
applied to games, is now of great practical importance. It is for 
instance a basic tool used by life insurance companies. 

We shall illustrate this with simple examples concerned with 
coin-tossing. 

1. If three pennies are tossed, there are just 8 possible results. 
Representing “heads” by / and “tails” by ¢, 


hhh hht tth ttt 
hth tht 
thh htt 

1 3 aD | 
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These are the numbers in row 3 of the Pascal triangle. Since 
there are 2? = 8 possibilities, the probability of getting 3 heads 
(or 3 tails) is 1/8. The probability of getting 2 heads (or 2 tails) 
is 3/8. 


2. In tossing four pennies, what are the chances of getting no 
heads, one head, two heads, three heads, or four heads? The 
answers are in row 4 of Pascal’s triangle: 1, 4, 6, 4, or 1 divided by 
2* (the sum of these digits) respectively. 

3. If ten coins are tossed, what is the probability of getting five 
heads’ and five tails? ‘ 


With one coin there are two possible different results, with two 
coins 2 x 2 results and with ten, 2'° different results. Any five 
coins out of the ten showing heads counts as one and five can be 
selected from ten in '°C, different ways. 

Row 10, column 5 of Pascal’s triangle gives 252. Thus the 
required probability is 252/2'° = 63/256, that is, approximately 
one chance in four. 


MORE PASCAL PATTERNS 


The features of this elegant number pattern which we have 
briefly described are sufficient to show that aesthetic pleasure is to 
be derived from arithmetical patterns, but we have only touched 


Fig. 10.1. Pascal’s triangle: multiples of 5 
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the fringe of the possibilities. Pascal himself remarked in his 
treatise on the subject how fertile in properties this triangle proved 
to be. 

The reader may care to search for himself. Can the coefficients 
of a trinomial expansion (a + b + c)” be represented in a pattern? 

Before we take leave of this topic we would draw attention to 
the patterns based on Pascal’s triangle shown in figures 10.1 and 
10.2. Figure 10.1 shows the relative positions in Pascal’s triangle 


Fig. 10.2. Pascal’s triangle: multiples of 7 


of all the multiples of 5. In figure 10.2, multiples of 7 are picked 
out. The results are as unexpected as in the case of the magic 
squares. 


CONTINUED FRACTIONS 


As a concluding contribution to this chapter, we exhibit the 
pattern of the simplest of the continued fractions. Here we meet 
one of the most interesting appearances of the golden ratio, 
remarkable for its close association with the “golden numbers,” 
more formally styled the Fibonacci series. 

To appreciate the beauty and simplicity of this method of 
generating the series we make a short diversion into a subject 
which, because it is often excluded from the mathematics sylla- 
bus, may require a few paragraphs of preliminary instruction. 
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Continued fractions have their own intrinsic interest and sur- 
prises. Their pattern-like appearance, e.g., 
157 jE a VL | 


225 14+24+ 3+4+5 


justifies their inclusion with the other patterns already discussed. 

We begin by showing how a fraction may be expressed as a 
finite continued fraction (of course, irrational or transcendental 
numbers become infinite continued fractions). 

To transform the improper fraction 236/139 into a continued 
fraction, we begin by writing it as 1 + 97/139, which can be 
expressed as 

1 


1 + 339/97 


We then divide 97 into 139 and the remainder into the divisor and 
continue the process until the remainder is zero. The lay-out is 
similar to that used in finding the greatest common measure of 
two numbers by Euclid’s method: 


2 97 139 1 


84 97 
4 13 42 3 
12 39 
1 3 3 
© 
0 


The required continued fraction is derived from the successive 
divisors : 


wl 
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This is conventionally written thus: 


236 ee SP Coes g 


139 T2255 443 


If we ignore the last three divisors and consider only the fraction 
1/(1 + 4), we obtain 2/3 as a first approximation to 97/139. This is 
called the first convergent. 

The second convergent is 


which is 7/10, a closer approximation: The successive convergents 
are 


ao Sh OF 
> 3’ 10 43 139 


The convergents oscillate about the terminal value. The odd- 
numbered convergents (1, 7/10) are larger, the even numbered 
(2/3, 30/43) are smaller than the terminal fraction 97/139. 

A simple method of calculating successive convergents makes 
use of the divisors of the original division sum. We illustrate with 
the example given above (p. 138). 

To obtain the numerator of the fourth convergent (30), multiply 
the numerator of the third convergent (7) by the fourth divisor in 
the division sum (4) and add the numerator of the second con- 
vergent (2): 7 x 4 + 2 = 30. The denominator is obtained by a 
similar process. 

An important property of convergents which is useful as a 
check on accuracy in their calculation may be expressed thus: 


If P,-1/4,—1 and p,/q, ate successive convergents, then 


Pn4n—1 — Pn—19n = (—1)" 


The reader may test this on the convergents of 97/139. 
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CONVERGENTS AND THE FIBONACCI SERIES 


For comparison, the following continued fractions are of in- 
terest: 


Loa kita 
afe 25 3h Dn eee 


34D Deb 


Cg iF £2 ia 


A” 143424 3226242808 


And now, consider the simplest of all infinitely continued 
fractions 


ae | 
1+--- 


which is formally, but more conveniently written thus: 


1+ 14+ 1414+ 14+ 
Forming the successive convergents, we obtain 


23.5 8 13 21 34 55 89 144 


tof) B-Do Fo Biss 2 Bio kSomwe 
wherein both numerators and denominators constitute the 
Fibonacci series! The successive convergents oscillate about a 
value to which the series tends as a limit, that limit being the 
golden ratio, Phi. 


ESEergra cer 


This remarkable result, beautiful in its neat simplicity, brings 
the golden section and the Fibonacci series into the closest 
possible association and stands as a worthy addition to our 
anthology. 


4 


Ce AP eee uge ogy 


The Fibonacci Numbers 


We met the Fibonacci number series in chapter IV, p. 46. First 
discussed by Leonardo of Pisa (Fibonacci), they occupy today a 
place in mathematics which has justified the publication of a 
journal with the title The Fibonacci Quarterly. The first two 
members of the series, it will be recalled, are u, = land w = 1; 
thereafter each member is the sum of the two preceding members: 
U3 = U, + U, = 2, uy = uw + u; = 3, and, in general, Uno. = 
4,1 + U,. We shall see that this simple series has interesting 
properties. 

In accordance with our declared intention of illustrating our 
main topic with exercises and examples which are confined to a 
narrow region of mathematics, in order to indicate with an 
anthology of very limited scope the depth of the soil from which 
a considerable mathematical harvest may be gathered, we _con- 
tinue to restrict ourselves to topics related to the golden section of 
the ancient Greeks. 

We have seen that there is a connection between Phi, the golden 
ratio and the Fibonacci series. We have also found that an 
approximate value of Phi is obtained by dividing any Fibonacci 
number by the number of the series which precedes it: 

Yn+1 ~ ¢ 


U, 
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In this chapter we shall show that any member of the Fibonacci 
series may be expressed accurately in terms of Phi: 


_¢"- 9" 
= 


Chae 


The ubiquity of the golden ratio has been noted: it pops up 
unexpectedly in many different contexts. This is also characteristic 
of the Fibonacci numbers. Their appearance in the solution of 
combinatorial problems, as on p. 135, may not surprise us, but 
their emergence in a beehive or a rabbit warren, in a sunflower or 
a sea shell, is certainly unexpected. Such surprises cause us to 
inquire, introspectively, into the causes of the aesthetic feeling 
which they kindle. They are inevitably complex, but let us en- 
deavor to disentangle two. 


SOURCE OF AESTHETIC FEELING 


First, there is the alternation of tension and relief, of per- 
plexity and illumination. In the effort to resolve a run-of-the-mill 
mathematics problem, such as a text-book exercise, there is 
(as we have already noticed) a feeling of stress, of mental tension, 
almost of anxiety, so long as the perplexity continues. Then, with 
the solution of the problem, there comes relaxation. This relief is 
part of the pleasure of the discipline. It is not unknown, in a 
mathematics seminar, to hear the peace broken by a muttered 
expletive, “Got it!” which everyone present understands. Ten- 
sion and relief: this is an emotional experience familiar in music 
as well as in mathematics. It ensues with the resolution of discord 
into harmony, or when the sound of the tonic replaces that of 
the dominant. This experience of illumination-succeeding- 
perplexity is one of the broad archaic experiences of mankind, its 
roots buried in the unconscious. 

Second, the unexpected meeting with the Fibonacci numbers in 
an improbable context such as a beehive or in the expansion of an 
algebraic fraction, x/(1 — « — 2”), is another aspect of the pleas- 
ure of the discipline of mathematics. More than a feeling of 
pleased surprise at the sudden encounter with a familiar friend, 
there is a sense of amazement: “‘ How on earth did you get here?!” 
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The world of mathematics seems to have more interconnecting 
paths than we had thought. Moreover, discerning minds 
experience a sense of wonder: how remarkable that so simple a 
series, derived from so simple a rule, should have so many 
affiliations! 

Such emotions, archaic in origin, contribute to the charm of 
mathematics. The experience of glimpsing beauty in mathematics 
is as difficult to interpret to oneself as it is to communicate to a 
pupil. It is caught rather than taught. The student can only be 
encouraged to see the “vision splendid” for himself. The joy, 
mediated through the intellect, originates in lower strata of the 
mind, the arena of the emotions. Poincaré wrote: 


It may appear surprising that sensibility should be introduced in 
connection with mathematical demonstrations, which, it would seem, 
can only interest the intellect. But not if we bear in mind the feeling of 
mathematical beauty, of the harmony of numbers and forms and of 
geometric elegance. It is a real aesthetic feeling that all true mathe- 
maticians recognize, and this is truly sensibility... . The useful combina- 
tions are precisely the most beautiful, I mean those that can most 
charm that special sensibility that all mathematicians know, but of 
which laymen are so ignorant that they are often tempted to smile at 
3 

O88 8 


There follows a list of the first forty members of the Fibonacci 
sequence: 
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1 10946 | us, 1346269 
Uy 1 Ux, «TTL | uy, ~——2:178309 
U3 2 Ur; 28657 | u;3  ~—-3524578 
Uy 3 Ur, 46368 | u34 «5702887 
Us 5 in «= THOS | yy | 9D TGS 
Us 8 Urg 121393 | wz 14930352 
Uy 13 Uy, 196418 | uy, 24157817 
Ug 21 Ung 317811 | uy, 39088169 
Ug 34 Ur 514229 | uy 63245986 


U3y 832040 | uy 102334155 
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There are features of this table, not immediately apparent, 
which are worthy of note. 

It may be shown, by continuing the table to higher values, 
that the figures in the units places form a recurring series with a 
period of 60: 


Uy 0 U6o -+ +20 
uy 1 U6 ---61 
Uy 1 Ug ++ +81 
uz 2 Ug3 --42 
Uy 3 U6 +23 
Us > Ugs 65 


The figures in the tens places have recently been shown also 
to constitute a recurring series but with a period longer than 60. 
Still more recently, with the aid of a computer, the figures in the 
hundreds and in the thousands places have been shown to recur, 
but with periods of impracticable length. 

It is interesting that, if the series is expressed in the binary 
scale, the period is 24 in the first four places, i.e., those denoting 
ye Pe oY a 

We have seen that the golden ratio $¢—>u,,,/u, as n—> 0. 
Taking 7 as small as 30, using the above table and a desk calcu- 
lator, we obtain 


Uzo/Uyq = 1.618033988749874831 - - - 


‘Even with seven-place logarithms we obtain an approxima- 
tion sufficient for most purposes: 
DIFFERENCES 
log us, = log 1346269 = 6.1291322 
Jog wy = log 832040 = 5.9201442)|> renner 
log ty = log 514229 = 5.711567 1 


FIBONACCI SERIES: A GEOMETRIC PROGRESSION 


From these figures we not only obtain a value of Phi to four 
decimal places, but we discover a surprising fact about the 
Fibonacci series. True, it is an empirical result, but we shall 
shortly be able to confirm it rigorously on theoretical grounds. 
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From the above figures we obtain 


“31 ~ 1,61803(5) ~ 430 

430 29 
Thus, the interesting result emerges that, as the terms of the 
series increase, the Fibonacci sequence approximates ever more 
closely to a geometrical progression, the common ratio of the 
series being none other than the golden ratio, Phi. These pleasing 


For high values of n, Un= 75 (+448)" 


whence log Un= 0°21.n-0°35 AH 


Fig. 11.1. Graph of log u, 


results will be confirmed when we meet with Binet’s formula for 
the general term of the Fibonacci series. We shall find that, for 
large values of n, 


ae + = 
<5 2 
whence 

log u, ~ 0.21n — 0.35 


Figure 11.1 shows a graphical expression of the equation. 
Before we investigate other sources of the Fibonacci numbers, 
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let us consider a practical problem which serves to show that 
these numbers turn up in unlikely places. 


PRoBLEM: An endowment produced $9 per week for an orphanage 
school to pay for seats at a local concert hall. The tickets cost 
$2 each for a teacher and $1 each for a child. In how many ways 


could a party for the hall be arranged, assuming that neither an- 


interchange of teachers nor an interchange of children, but only 
an interchange of teacher and child produced a new arrangement. 


To solve this problem we note the different mixtures of teachers 
and children which can be allowed within the price limit of $9. We 
tabulate this as follows: 


TEACHERS CHILDREN NO. OF SEATS NO. OF 
ARRANGEMENTS 
4 1 5 SC, = 5 
3 3 6 6C, = 20 
2 5 7 7C, = 21 
1 7 8 8C, = 
Total 55 


If the problem is altered, making $12 the price limit, the number 
of arrangements turns out to be 233. Now both of these numbers 
are Fibonacci numbers: uj) = 55, u,; = 233. It is not difficult to 
show that, whatever the price limit may be, the answer will be a 
Fibonacci number. Suppose the price limit is 2n dollars. The 
tabulation is now as follows: 


TEACHERS CHILDREN NO. OF SEATS NO. OF 
ARRANGEMENTS 
n 0 n 1 
n—-1 2 n+1 ati¢ 
n—2 4 n+2 nt+2C 


ae 


eel eS ee 


ea 
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The total is: 
lt rc, Ts aueG Sree = caida, 8 
Reference to the broken line of the Chinese triangle (p. 133) 


will show that this summation leads to a Fibonacci number, e.g., 
the triangle shows that 


C, + i + 1c, + 3c, + *C, = 55 


ANOTHER SOURCE 


The Fibonacci numbers appear again in a quite different con- 
text. Let us find the first few coefficients of the expansion of 
a/(1 — « — 2*) by direct division. The quotient is 


aw + a* + 22) + Sa> + 8x° + 1307 + 21a? +... 


These coefficients form the Fibonacci series. 
The first few coefficients of the expansion of #/(1 + x — 2x7) are 
the same except that they are alternately positive and negative: 


1, —1, +2, —3, +5, —8, +13, —21, --- 

Let us find the value of the coefficient of x” in the expansion of 
a/(1 — x — 2”), which is u,,. 

Write x/(1 — x — 2”) = A/(x — a) + B/(x — B), where «, B are 
the roots of 1 — x — 2? = 0, so that «8 = 1 anda + 6B = 1. 

From this we have x = A(x — a) + B(x — 8), whence A = 
a/(« — B), B = B/(B — a). Thus, we require the coefficients of 
x" in the expansion of 


1 @ B r 

3l-.--) ; ® 

Consider the first term «/(~ — «) = —(1 — a/a)~'! = -—(1 — #7, 
where t = x/«. But 


—(l-f)' = -4+t4+ FP +P +--+ 4--:) 


The term containing x" is ¢” = —2"/a". Hence, the coefficient of 
x" in the expansion is, from (i), 1/(« — B)(— 1/«" + 1/8”), i.e., 
a” — pn 1 a” — Br 
Pop (re a, 


a—B ap a—B 


148 THE DIVINE PROPORTION 


Now the roots of 2? — « — 1 = Oare 


se, PP oie: Gi 


e= 


BINET’S FORMULA 
We are now in a position to find the value of the continued 
fraction 
1+ 1+ 1+ 1+ 


It is the convergent u,,, ;/u,, as n—> 00, Now 


Seat 2 yt oP [-e 2 B" 


Uy a—B 
i.e., 
eat 5a git! ae pet 
un i a” — p" 
Since 8 < 1, lim £” = 0; hence lim u,, ,/u, = «. This limit we 


no no 


have called 4, so that 6 = « = (1 + V5)/2. (The other expansion 
x/(1 + « — a?) gives the same value for ¢ with the opposite 
sign.) 

From (ii), since a — B = V5, we may write the (n + 1)th term 
of the Fibonacci series: 


BICC Senna» 


This is Binet’s formula. If is large, the second term is negli- 
gible, and 
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SOME PROPERTIES OF FIBONACCI NUMBERS 


The Fibonacci numbers exhibit a variety of curious properties 
and this chapter would not be complete without a reference to 
some of them. A brief anthology has space for a few only, but 
the reader may take it that, for every one recorded here, twenty 
may be found in the literature of the subject. This is an indication 
of the fertility of the soil in this area of mathematics. But this is 
not our main objective, which is rather to provide further speci- 
mens of beauty in mathematics. The following theorems have 
qualities that can evoke aesthetic appreciation in a mind trained 
to assess mathematical values—neatness, brevity, elegance and an 
unexpectedness which may stimulate surprise, and even a sense 
of wonder. 


1. We have 
uy =U, —- UW, =u; — 1 
Un = U4 — U3 


Un—y = Uny1 — Uy 
Uy = Uny2 — Uns 
By addition, u, + uw +---+ u, = Uyy2 — 1. 
2. The following results may be proved by a similar method: 
1. Uy + Uy toes + Uy = Ung — 1 
ii. uy + U, Ss Es ws Urn 1 = Udy, 
3. Since u,u,.1 — U,_1U, = U,(U,,1 — U,—1) = u,”, we have 
uy = UU, 
Wy = hs — Uy, 
uy — U3U4 UnU; 


Uy = UUy 41 — Un—-1Uy 
By addition, u,? + uy +--+ u,? = UU, 41. 


4. The following results may be established by the method of 
mathematical induction: 


i. The square of a Fibonacci number and the product of the 
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number that precedes it and the number that follows it in the 
series differ by unity: u,,,,7 = u,U,.2 + (—1)". 

ii. The difference of the squares of two Fibonacci numbers 
whose subscripts differ by two is a Fibonacci number: 


Myst” vat Nor, = Uy, 
5. If r is any integer, u, is a factor of u,,,. 


Example. u,, = 89 is a factor of uy, = 17711 = 89 x 199 
and of u,; = 3524578 = 89 x 3962 (see p. 143 for a list of 
* Fibonacci numbers). ; 


6. If dis the highest common factor of m and n, then u, is the 
highest common factor of u,, and u,. 


Example. The highest common factor of u,4 = 377 and 
Uz, = 10946 is u, = 13, for 377 = 13 x 29 and 10946 = 
13 x 942. 


7. If m and n have no common factor, u,,, is divisible by 
u, X u, Without remainder. 


Example. uy, = 317811 = 39 x 8149 = u, x uw, x 8149. 


FIBONACCI NUMBERS YIELD ZERO-VALUE DETERMINANTS 


As a tail-piece to this chapter it may be remarked that a deter- 
minant formed of successive Fibonacci numbers has the value 
zero. For example: 


ce 


13 21 34)=0 =0 
55 89 144 233 
55 89 144 


377 610 987 1597 


This follows from the law of the sequence: u,_; + U, = Up41s 
for the addition of adjacent columns produces the next column, 
making the determinant zero. 
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Nature’s Golden Numbers 


In former pages we have hinted that Nature herself is familiar with 
the golden section and its near relative, the Fibonacci sequence. 
The famous rabbit breeding problem of ancient days (p. 158) is an 
example. In this chapter we consider further examples, such as the 
genealogy of the drone bee, conifers, the shells of mollusks, flowers 
of the composite family such as the sunflower, and phyllotaxis. 
Thus the mathematical framework of beauty found in Nature may 
be invoked to supplement our anthology. 

It is important to bear in mind that Nature’s surface beauty 
conveys no more than a hint of the loveliness hidden within. The 
mathematics is not in its skin: it must be uncovered. This spells 
labor. The poets for the most part fail to reckon with this. Indeed, 
their view-point is sometimes so mistaken that it is worth while to 
spend a moment in refuting it, the more so as it is a principal aim 
of this essay to disseminate the opposite view. 

Few, if any, of the English major poets were moved more deeply 
than Wordsworth by the sights and sounds of Nature; no one had 
greater skill in communicating his emotion by the written word. 
His verse is at times almost unbearably moving. But consider the 
limitations, 
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He began one of his poems thus: 


My heart leaps up when I behold 
A rainbow in the sky... 


So does mine. Not, I am sure, with so intense a feeling as did 
Wordsworth’s. But it takes a longer leap! You see, one of the 
loveliest topics in the whole range of the discipline of physics is 
concerned with the hidden mechanism of the rainbow. It is a feast 
of delight! For the scientifically literate, an inspired writer might 
produce a large book on the rainbow to which the reader would 
react as one does to poetry. For the scientifically illiterate, how- 
ever, the simple rules of the reflection of light and of diffraction, 
Snell’s laws applied to the falling raindrops, the beautiful 
geometry of their spherical form and other such delightful, cog- 
nate topics relating to the rainbow make no appeal at all. For 
the mathematician of even modest attainments there is here a rich 
harvest of mathematical beauty, the contemplation of which can 
induce the feeling—indeed, the conviction—in those who are 
educated to appreciate it, that they are “thinking God’s thoughts 
after Him.” 

But Wordsworth would have none of this! In his poem “The 
Tables Turned” which begins “ Up! Up! my Friend, and quit your 
books,”’ he concludes: 


Sweet is the lore which Nature brings; 

Our meddling intellect 

Mis-shapes the beauteous forms of things:— 
We murder to dissect. 


Enough of Science and of Art; 

Close up those barren leaves; 

Come forth, and bring with you a heart 
That watches and receives. 


The poet Blake expresses somewhat similar sentiments when (in 
a letter to Butts, 22 Nov. 1802) he prays to be delivered from 
“single vision and Newton’s sleep.” 

Newton was not asleep, but wide awake to some of the loveliest 
examples of natural beauty known to man. When we note the 
perfection of the circular form of (say) a lunar halo, or the shape 
of the parabola outlined by a jet of water, or that of the cycloid 
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described by a point on a wheel or many such naturally occurring 
curves, we experience more than the immediate satisfaction which 
Blake himself must have had in such curves; we derive additional 
pleasure from the beauty which Newton’s genius uncovered in 
these familiar shapes. 


TELEOLOGY 


Reverting for a moment to the rainbow, it may seem naive to 
ask, “ What is a rainbow for?” as though every creation required 
a teleological interpretation. But if its origin was the deliberate fiat 
of a creator, since its end is certainly not utilitarian, one can hardly 
help wondering whether it was intended solely to make the heart 
leap up in Wordsworth and in others like him. 

I can find no answer to this question, and J. B. Mozley’s com- 
ment reveals a comparable inadequacy: 


The beauty of nature is a distinct revelation made in the human mind, 
apart from that of its use. When the materialist has exhausted himself to 
explain utility in nature, it would appear to be the peculiar office of 
beauty to rise up suddenly as a confounding and baffling extra, which 
was not even formally provided for in his scheme. The glory of nature 
resides in the mind of man. We cannot explain why material objects 
impress the imagination. The whole of what any scene of earth or sky is 
materially is stamped upon the retina of the brute, just as it is upon 
man’s; the brute sees all the same objects which are beautiful to man— 
only without their beauty; which aspect is inherent in man, and part of 
his reason. 


FIBONACCI AND NATURE 


The problem of the function of beauty in the human milieu is 
difficult; but, if one asks what it achieves, a part of the answer 
is that it serves as a lure to induce the mind to embark on creative 
activity. Beauty is a bait. This view seems to require the existence 
of “absolute” beauty, to demand that specimens of beauty ante- 
date the human perception of them, although beauty in its sub- 
jective sense is called into existence only at the moment of its 
appreciation. This contradicts a widely held opinion, held for ex- 
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ample by Morris Kline, who writes concerning beauty in mathe- 
matics: 


It would appear as though mathematics is the creation of human 
fallible minds rather than a fixed, externally existing body of knowledge. 
The subject seems very much dependent on the creator.! 


Kline quotes A. N. Whitehead in support of this point of view: 
“The science of pure mathematics may claim to be the most 
original creation of the human spirit.” 


This view is difficult to reconcile with that of Sir James Jeans 
who appeared to affirm that mathematics is indeed an “eternally 
existing body of knowledge,” when he uttered his well-remembered 
aphorism that “God is a mathematician.” 

In this chapter examples of sectio divina and Fibonacci sequences 
found in Nature will provide opportunities to examine instances 
that throw light on this discussion. We shall find a simple example 
in the fact that the great-great-grandparents of a drone bee 
number five bees—no more, no less—and the parents of these 
ancestors number eight. Now 5, 8, and 5 + 8 = 13, which is the 
number of all the ancestors’ grandparents, are all numbers of the 
Fibonacci series, which (as we have seen) has interesting mathe- 
matical properties. These were facts a million years before 
Fibonacci was born. No mathematician created them. Someone 
discovered them and expressed them in mathematical symbols, 
again “‘thinking God’s thoughts after Him.” 

Before we consider examples from the biological sciences let us 
look at a couple drawn from the world of inorganic phenomena. 


MULTIPLE REFLECTIONS 


If a beam of light is incident upon two sheets of glass in contact, 
part of the light will be transmitted, part absorbed and the re- 
mainder reflected. There will be multiple reflections. The number 
of different paths followed within the glass before the ray emerges 
depends on the number of reflections which the ray undergoes. 
The number of emergent rays is a Fibonacci number. This is 
indicated in figure 12.1: 
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Fig. 12.1. Multiple reflections 
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FIBONACCI AND THE ATOM 


The Fibonacci numbers reappear in connection with the ideally 
simplified atoms of a quantity of hydrogen gas. 

Suppose that the single electron in one of the atoms is initially 
in the ground level of energy and that it gains and loses, succes- 
sively, either one or two quanta of energy, so that the electron in 

Energy quanta — 


Gain Loss Gain Loss Gain Loss 


Level Limit 
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Fig. 12.2. Possible histories of an atomic electron. These fractions, formed of 
Fibonacci numbers, show the proportion of atoms in each state as time 
passes. The number of possible different histories of an electron are also 
members of the Fibonacci sequence: 
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its history occupies either the ground level (state 0), the first 
energy level (state 1), or the second energy level (state 2). In this 
idealized case the number of different possible histories of an 
atomic electron is a Fibonacci number (Fig. 12.2, p. 156). 

Let us make the following assumptions: 


1. When the gas gains radiant energy, all the atoms in state 1 
rise to state 2; half the atoms in state zero rise to state 1 and half 
to state 2. 

2. When the gas loses energy by radiation, all the atoms in 
state 1 fall to state zero; half those in state 2 fall to state 1 and half 
to state zero. 


Figure 12.2 shows the successive fractions of the total number of 
atoms found in each state. These fractions are formed exclusively 
of Fibonacci numbers. 

A point of interest is that the fraction of atoms in the inter- 
mediate energy level (state 1) remains constant at 38.2 per cent. If 
u, is the nth term of the Fibonacci series, this fraction (38.2 per 
cent) is u,/u,,2 as n tends to infinity. 


Uu, eh eet 1 4. 
Un+2 Un +2 


ie., 38.2 per cent. The symbols ¢ and ¢’ stand for the limits of 
U,+1/U, and u,/u,,, ; fespectively as n tends to infinity. We have seen 
that they are the roots of the equation «2 — x — 1 = 0. 


LEONARDO OF PISA 


Before we describe how the golden numbers emerge in bio- 
logical references by discussing the rabbit breeding problem, a 
note about the originator of this ancient and famous problem will 
be of interest. 

Leonardo Fibonacci (filius Bonacci), alias Leonardo of Pisa, 
was born nearly 800 years ago—in A.D. 1175, His early years were 
passed in a Christian community, but he received his academic 
education among the Mohammedans of Barbary. There he learned 
the Arabic, or decimal, system of numbering as well as Alkarismi’s 


158 THE DIVINE PROPORTION 


teaching of algebra. When about twenty-seven years of age he re- 
turned to his native land and there published a work which became 
widely known as Liber Abaci (the book of the Abacus), in which he 
demonstrated the great advantages of the Arabic system of 
numeration over the Roman. Today we need no convincing that 
it is easier to write 98 than XCVIII. Liber Abaci (1202), Fibonacci’s 
magnum opus was a standard work for two hundred years and 
the principal means of introducing the Hindu-Arabic system of 
notation to the educated classes of Christian Europe. 

Leonardo’s reputation among scholars was deservedly great. It 
was so outstanding that Frederick II, visiting Pisa in 1225, held a 
public competition in mathematics there to test Leonardo’s skill. 
A specimen problem was: “What number, when squared and 
either increased or decreased by 5, would still be a perfect square?” 
Leonardo gave the answer 41/12, which is correct, for 


(41/12)? + 5 = (49/12)? and (41/12)? — 5 = (31/12) 


Leonardo’s competitors did not succeed in solving any of the 
problems set. 


THE RABBIT PROBLEM 


As we have remarked, we find the Fibonacci series (like the 
golden section) cropping up in unexpected places. Who would have 
expected it to have a connection with the breeding of rabbits?! 
Long before myxamatosis solved the rabbit problem which was 
one of the agricultural headaches of the Australian farmer, mathe- 
maticians solved the rabbit problem which had bothered the 
mathematical contemporaries of Fibonacci. 

The Fibonacci series originated in a mathematical puzzle pro- 
posed by Fibonacci in Liber Abaci. He proposed that the progeny 
of a single pair of rabbits arrived as follows. 

Suppose there is one pair of rabbits in the months of January 
which breed a second pair in the month of February and that 
thereafter these produce another pair monthly, that each pair of 
rabbits produce another pair in the second month following birth 
and thereafter one pair per month. 

The problem is to find the number of pairs at the end of the 
following December. 
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To solve this puzzle we tabulate in four columns: 


1. Number of pairs of breeding rabbits at the beginning of 
given month. 

2. Number of pairs of non-breeding rabbits at the beginning of 
the month. 

3. Number of pairs of rabbits bred during the month. 

4. Number of pairs of rabbits living at the end of the month, 


MONTH 1 Z S 4 
January 0 1 0 1 
February 1 0 1 2 
March 1 1 1 3 
April 2 1 2 5 
May 3 2 3 8 
June 5 3 5 13 
July 8 5 8 21 


August 13 8 13 34 
September 21 13; «21 55 
October 34 21 34 89 
November 55 34 55 144 
December 89 55 89 233 


Each of these columns contains the Fibonacci series, formed 
according to the rule that any term is the sum of the two immedi- 
ately preceding terms, 


Ung = Uy + Uy_y (u, = 0, 4 = 1) 


THE BEE HIVE 


In discussing in chapter IX patterns and designs found in 
Nature, we noted that one of the attractive patterns is found in the 
honeycomb. The cells of wax designed as honey receptacles are of 
hexagonal cross-section forming a continuous pattern which fills 
space without interstices. The only other simple way of achieving 
this is by cells of rectangular cross section, preferably square for 
the sake of rigidity. 

Why do the bees choose the hexagonal pattern? If this is a 
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question in psychology, the answer is not forthcoming. But if it is 
a question in mathematics, the answer is that the shape is deter- 
mined by consideration of economy and efficiency. 

The honeycomb is a pattern in space. The genealogical table of 
a bee is a pattern in time. The Mathematician who participated in 
the former had a hand also in the latter. The drone, or male bee, 
hatches from an egg that has not been fertilized. The fertilized egg 
produces only females—queens or workers. If we use this fact of 
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Fig. 12.3. Geneaology of drone bee 


life to draw up a genealogical table showing the ancestry of a drone 
bee for several generations, we shall arrive at a diagram like that 
of figure 12.3. Making totals of all the males, all the females, and 
all the bees of both sexes that constitute each generation, we find 
that we have overlapping Fibonacci series thrice repeated—one 
for males, one for females, and one for both combined. This pretty 
result is displayed on the right-hand side of figure 12.3. 

It is not only the zoologist through his rabbits and the entomolo- 
gist through his bees who make contact with the golden numbers. 
The botanist also meets them in different areas of his studies—in 
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leaf arrangement, in petal structure, in florets of the composite 
family, and in the arrangement of the axils on the stems of a plant. 
It is rather rare to find perfect specimens which conform accurately 
to the mathematical pattern. A field daisy may have 33 or perhaps 
56 petals which just miss the Fibonacci numbers 34 and 55, but a 
daisy with a petal count between (say) 40 and 50 would be un- 
common. 


PHYLLOTAXIS 


Phyllotaxis is the botanical term for a topic which includes the 
arrangement of leaves on the stems of plants. The arrangements 
are characteristic of the genera. Leaf “divergence” is the technical 
term used to describe the angular separation of two successive leaf 
bases on the stem as measured by a helix drawn from the root of 
the plant upwards to its growing point (Fig. 12.4). The leaf 
arrangement can be specified in terms of this divergence. 

A helix is drawn to pass through each leaf base until it reaches 
the first base which is vertically above the starting point. Let p be 
the number of turns of the helix and g the number of leaf bases 


Fig. 12.4. Phyllotaxis 
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passed (excluding the first). Then p/q is a fraction which is 
characteristic of the plant, the leaf divergence. Both numerator 
and denominator of this fraction tend to be members of the 
Fibonacci sequence: 


f THe 2BaGei 
So) Se grat? ta 
The botanist’s interest in leaf divergence is not primarily mathe- 

matical; his attention is directed rather to the fact that all the 
members of this series of fractions lie between 1/2 and 1/3, so that 
the ‘successive leaves are separated from one another by at least 
one-third of the stem circumference, ensuring maximum illumina- 
tion and air for each leaf base. 


H. E. Licks states that, as a general rule, divergences for various 
plants can be arranged as follows: 


Common grasses _— 1/2 
Sedges 1/3 
Fruit trees, such as apple — 2/5 
Plantains 3/8 
Leeks 5/13 


These fractions are the convergents of the continuous fraction 


Paes ot 
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So we meet our golden section Phi in yet another connection, for 
this continuous fraction extended to an infinite number of terms 
converges to ¢ which is the reciprocal of ¢*. We have seen that 


p= —— =D «= 1,6190845-4, and ¢? = 0.38197... 


A different connection with Fibonacci numbers is found in the 
number of axils on the stem of a plant as it develops. An ideally 
simple case is represented in figure 12.5, where the stems and 
flowers of sneezewort are set out schematically. A new branch is 
seen to spring from the axil and more branches grow from the new 
branch. Since the old and new branches are added together, a 
Fibonacci number is found in each horizontal plane. 
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Fig. 12.5. Sneezewort (Achillea ptarmica) 


The golden numbers come into view again if we examine the 
number of petals of certain common flowers; examples are: 


Tris 3 petals 

Primrose 5 petals 

Ragwort _13 petals 

Daisy 34 petals 
Michaelmas daisy 55 and 89 petals 


The number and arrangement of the florets in the head of a 
member of the composite family is a particularly beautiful example 
of golden numbers found in Nature. We reserve this for the next 
chapter. o3 

The emergence in the natural world of the terms of the Fibonacci 
sequence is easily understood in some of the examples we have 
described, as, for instance, the genealogy of the drone bee. In 
other cases, however, like those known to the botanist, the bio- 
logical explanation is not so easy to see. It is one of the surprises 
of mathematics that its results, often reached in complete iso- 
lation from the phenomenal world, can prove to be closely 
applicable to it. 


C aA, 2 CEVE BUX I 


Spira Mirabilis 


To conclude this brief anthology of the golden section, we will 
consider in greater detail the beautiful curve, already mentioned 
in chapter VII, which has not only been studied by mathematicians 
for hundreds of years but has been represented in Nature for 
thousands of centuries in flora and in fauna: the equiangular 
spiral. Many people will have seen this curve, though most of 
them will not have noticed it, in the pattern of the florets of the 
common daisy. It is more easily observed in another member of 
the composite family—the sunflower. In a good specimen a 
remarkable feature will be seen: two sets of equiangular spirals 
superposed or intertwined, one being a right-handed, and the 
other a left-handed spiral, each floret filling a dual role by be- 
longing to both spirals. This fascinating combination, repre- 
sented in figure 13.1, is remarkable enough, but it is astonishing 
to learn that the numbers of spirals are adjacent Fibonacci 
numbers: there are 21 clockwise, and 34 anti-clockwise spirals! 
This combination of (i) the charm of the opposing spiral patterns, 
(ii) the dual role of each floret, (iii) the simplicity of the mathe- 
matical representation, and (iv) the unexpected association with 
the familiar Fibonacci series (not to mention color outline), 
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Fig. 13.1. Spiral pattern in the sunflower 


together constitute a most impressive example of mathematical 
beauty drawn from Nature. 

Comparable arrangements of opposing spirals associated with 
Fibonacci numbers are found in the pine cone (5 and 8) and in the 
pineapple (8 and 13). 


SHELLS 


Outstanding examples of the equiangular spirals found in 
Nature are the shells of a wide variety of creatures, from the 
diminutive foraminifera, which would pass through the eye of a 
needle, to the nautilus, measuring several centimeters in diameter. 
The beauty of the chambered nautilus has attracted the attention 
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and the admiration of the mathematician, the zoologist, the 
palaeontologist, the artist, and the poet. 
The marine zoologist says that 


...the pearly Nautilus has an internal spiral with dozens of little 
chambers divided off by walls of purest mother of pearl inside the 
Shell. As the animal grows and extends the mouth of the spiral shell, 
it every now and again moves forward into more commodious quarters, 
closing the door behind it with a layer of nacre, or pearl, so that it 
occupies only the outermost chamber, and, naturally, each successive 
chamber is larger than the last. The chambered part of the shell is 
filled with gas or air, so that the whole thing remains buoyant in spite 
of its massive build. A little thin tail, or siphuncle, extends from the 
hind end of the animal right through to the baby beginning of the 
shell, passing through smooth holes left in the partitions... .' 


Oliver Wendell Holmes was inspired by the nautilus to write a 
poem which he entitled “‘The Chambered Nautilus”: 


This is the ship of pearl, which, poets feign, 
Sails the unshadowed main— 
The venturous bark that flings 
On the sweet summer wind its purpled wings 
In gulfs enchanted, where the siren sings, 
And coral reefs lie bare, 
Where the cold sea-maids rise to sun their streaming hair. 


Although, according to Crosbie Morrison, the poet has “got 
his mollusks mixed,”’ he knows enough of their life history to draw 
a moral in his last stanza: 


Build thee more stately mansions, O my soul, 
As the swift seasons roll! 
Leave thy low-vaulted past! 
Let each new temple, nobler than the last, 
Shut thee from heaven with a dome more vast 
Till thou at last art free, 
Leaving thine outgrown shell by life’s unresting sea. 


EXPRESSIVE LINES 


The pearly nautilus attracts the artist both by the tints of its 
lustrous exterior and by the perfection of its spiral curve. The 
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latter feature must be counted as an ingredient of the mathe- 
matical beauty of the equiangular spiral. We are reminded once 
again that aesthetic appreciation of any sort has a dual aspect. 
The immediate sensuous pleasure evoked by beauty is a common 
human experience: it is inborn, a natural endowment; but this 
rudimentary satisfaction can be developed by education. 

The sensuous satisfaction (and its opposite) which is produced 
by simple lines has been studied by psychologists. The following 
is an account of some of Lundholim’s experiments in this area: 


Expressiveness of lines. When asked to draw a beautiful line, 
Lundholm’s (1921) subjects tried to make one that was smooth, 
curved, symmetrical continuous, with rhythm or repetition and 
expressive of a single idea. For an ugly line they drew an unorganized 
mass without continuity, with mixed angles and curves and unrelated 
spaces...and, when they wished to express merriment, playfulness, 
agitation or fury, they drew sharp waves or zigzags. 

The subjects said: “‘Small waves make the movement of a line go 
more quickly. The calm line has long slow curves.” 

Another: “Angularity of a line expresses violence of movement... . 
A long slow curve always expresses slowness.” 


“The calm line has long slow curves.” The long slow curve of the 
equiangular spiral, according to this, must be evocative of calm 
feelings which may be regarded as a part of the mathematician’s 
aesthetic experience. 


AN X-RAY PICTURE 


The human race has never in its history been without oppor- 
tunities to observe the “long slow curve” of the mollusk. Nauti- 
loid mollusks were plentiful 400 million years ago. Some of these 
closely resembled their surviving relative the nautilus, which is 
still plentiful in the ocean north of the Fiji Islands. 

Fossils of foraminifera, prolific unicellular marine organisms, 
with diameters of the order of a millimeter, are used to date rock 
strata by geologists in search of oil. A Kodak research team has 
shown that it is possible, by using an x-ray technique and special 
fine-grained x-ray film, to photograph the internal structure of 
these minute fossils without dissecting or cutting them in any 
way. These reveal that the identical equiangular spiral structure 
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has persisted for scores of millions of years, with small variations 
that make dating possible. An x-ray photograph of a chambered 
Nautilus pompilius, about six inches long, is shown on the 
Frontispiece. 


VARIOUS DESIGNATIONS 


The spiral has been known by a variety of names corresponding 
to one or another of its features. By Descartes, who discussed it in 
1638, it was designated the equiangular spiral, because the angle at 
which a radius vector cuts the curve at any point is constant. 
Because its radius increases in geometrical progression as its 
polar angle increases in arithmetical progression, it has been 
called the geometrical spiral. Halley, noting that the lengths of the 
segments cut off from a fixed radius by successive turns of the 
curve were in continued proportion, named it the proportional 
spiral. Jakob Bernoulli (1654-1705), who was so fascinated by the 
mathematical beauty of the curve that he asked that it might be 
engraved on his tombstone, called it (for reasons that will be 
stated later) the /ogarithmic spiral. 

In more recent times, Rev. H. Moseley, a Canon of Bristol 
Cathedral (grandfather of the brilliant young physicist of Atomic 
Number fame, killed in Gallipoli in 1915) gave a simple, mathe- 
matical account of the spiral shell. Even earlier, Sir Christopher 
Wren, considering its architecture, perceived that the spiral was a 
cone coiled about an axis. 

The fundamental mathematical property of the equiangular (or 
logarithmic) spiral corresponds precisely to the biological 
principle that governs the growth of the mollusk’s shell. This 
principle is the simplest possible: the size increases but the shape 
is unaltered. The mollusk’s shell grows longer and wider to accom- 
modate the growing animal, but the shell remains always similar to 
itself. It grows at one end only, each increment of length being 
balanced by a proportional increase of radius so that its form is 
unchanged. The shell grows by accretion of material; more 
accurately, it accumulates rather than grows. 

The only mathematical curve to follow this pattern of growth is 
the logarithmic spiral. Because of this, Bernoulli described it as 
spira mirabilis. Of course, the pattern of development can be 
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imitated by mathematical forms other than this spiral. A rect- 
angle, a parallelogram, a cone, etc. can grow while remaining 
similar to itself in shape. This interested not only the Greeks of 
500 B.c. but also the Egyptians a thousand years earlier. 


GNOMONS 


This suggests a more general approach to the logarithmic 
spiral, via the ancient concept of the gnomon, an example of which 
was seen in chapter VII (Fig. 7.6). A gnomon is a portion of a 
figure which has been added to another figure so that the whole 


A 


Fig. 13.2. Gnomons 


is of the same shape as the smaller figure. Hero of Alexandria 
showed that in any triangle ABC (Fig. 13.2), triangle ABD is a 
gnomon to triangle BCD if 7 CBD = / A. If we add to, or sub- 
tract from this triangle a series of gnomons, it turns out that all 
the apices lie upon an equiangular spiral. 

Radial growth (dr) and intrinsic growth in the direction of the 
curve (ds) bear a constant ratio to each other: dr/ds = cosa = 
constant. We have seen that the equiangular spiral is the only 
curve to possess this property. 

D’Arcy Thompson writes: 

In the growth of a shell we can conceive no simpler law than this, 
namely, that it shall widen and lengthen in the same unvarying propor- 
tions: and this simplest of laws is that which Nature tends to follow. 
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The shell, like the creature within it, grows in size but does not change its 
shape; and the existence of this constant relativity of growth, or con- 
stant similarity of form, is of the essence, and may be made the basis 
of a definition, of the equiangular spiral.? 


THE GOLDEN TRIANGLE 


An application of the gnomon principle which interested the 
contemporaries of Pythagoras concerns the isosceles triangle 
ABC (Fig. 13.3) which has base angles 72° and apex angle 36°. 
We met this figure in the “mystical pentagram” (Fig. 2.4), from 
which we learned that AB: BC = ¢:1. Accordingly, we designate 
the triangles of figure 13.3 the golden triangles. 


The bisector of 7 B meets AC in D, so that D is the golden cut 
of AC. By this the triangle ABC has been divided into two 
isosceles triangles with equal rights to be called “golden,” their 
apex angles being 36° and 108° and the ratio of their areas 
¢:1. Bisecting 7 C we obtain E, the golden cut of BD, and two 
more golden triangles. This process, producing a series of 
gnomons, converges to a limiting point O, which is the pole of a 
logarithmic spiral passing successively and in the same order 
through the three vertices of each of the series of triangles, 
eee ce Me 

This does not exhaust the intriguing possibilities of the triangle. 
In addition to the constant recurrence of the golden section, a 
series obeying the Fibonacci rule, u,,; = u, + u,_1, appears 
again in figure 13.3. 

If we begin with HG and call it unit length, then 


GF ='1¢ 


FE = 1¢+1 
ED =26+1 
DC = 36 + 2 
CB = 56 +3 


BA = 846 +5 


Other interesting features are found in figure 13.3. We have 
bisected the base angles of successive gnomons. If we join the 
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Fig. 13.3. Logarithmic spiral and golden triangles 


other base angles to the mid-points of the sides opposite them, 
e.g. CX, DY, ---, then 


1. The lengths of these medians form a Fibonacci series, and 
2. All the medians pass through the pole O. 


We saw in chapter VII (p. 101) that corresponding points of a 
series of rectangular gnomons are also the locus of an equiangular 
spiral. 
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The connection between the spiral, the golden section and the 
Fibonacci series is made by referring the spiral to polar co- 
ordinates. 


POLAR EQUATION OF SPIRAL 
Consider a curve AB (Fig. 13.4) which has the polar equation 
p= ae 


a and b being constants. Let the angle between a radius OB and a 


Fig. 13.4. Polar coordinates 


tangent to the curve at the end B of the radius be «. Then 


ie cot 

rd0 yi 
From the equation to the curve, dr/dé = abe” = br, whence 
b = cot «. Accordingly, « is a constant. Since r increases with 8, 
we obtain a spiral curve: 


r = ae ota 


This is the polar equation of an equiangular spiral. The inde- 
pendent variable @ may have any value from — 00 to + ©, so that 
the curve is unlimited in length. 

Using the polar equation, it is a simple matter to make a rough 
sketch of a portion of the spiral with ruler and compasses only, if 
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Fig. 13.5. Logarithmic and rectangular spirals 


we accept circular arcs as approximations to the actual curve. 
Alternatively, polar graph paper will give a more accurate result. 
Consider three radii separated by right angles (Fig. 13.5), 


OA = r, = aePta 

OB =r, = aeO+ 7/2) cot a 

OC =r, =qePt7) cot « 
whence r,* = r,r,. Thus, OB is mean proportional between 
OA and OC, whence / ABC is a right angle. It follows that the 


rectangular spiral may serve as the basis of the logarithmic spiral 
of figure 13.5. 

The value of the angle « is at our disposal. An extreme case 
occurs when « = 90°. Then r, = ae? “ degenerates into a circle: 
r=a. 


MUSICAL SCALE AND THE SPIRAL 


An interesting case involving the equiangular spiral is con- 
nected with the musical chromatic scale of 12 semitones. The 


174 THE DIVINE PROPORTION 


) 


scale to which a musical instrument is usually tuned is the dia- 
tonic scale. In this the frequencies of the note of the common 
chord (c- e-g-c’) are in the simple ratio 4:5:6:8, the ratios 
of the corresponding wavelengths being 30:24:20: 15—facts 
closely related to those that impressed themselves on Pythagoras. 
The “evenly tempered” scale is slightly different, being a 
mathematically accurate exponential scale. The musical interval 
separating the semitones is constant throughout this chromatic 
scale. 

The wavelengths from middle c to c’, an octave above it, are 
shown in the following table, with c’ taken as unity; each wave- 
length is k = 1.0595 times that of the semitone above it. 


WAVELENGTH X k 


C’ 1.0000 0 


b 1.0595 15° 
at 1.1225 30° 
a 1.1892 45° 
gt 1.2099 60° 
 g 1.3348 75° 
ft 1.4141 90° 
f 1.4983 105° 
e 1.5870 120° 
dt 1.6818 135° 
d 1.7819 150° 
ct 1.8878 165° 


c 2.0000 180° 


If we plot as a smooth curve this tabulation to make a polar 
graph in which the radii, separated by 15°, are proportional to the 
wavelengths, we obtain an equiangular (logarithmic) spiral. The 
ratio of two radii is 


‘eo eft —62) cot a 


For the octave, r,/r, = 2 and 6, — 6, = 12 x 15° = 180°. 
Hence 2 = e” °°“ or cot « = log, 2/7, from which we find that 
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the constant angle « for the equiangular spiral of music is 77° 50’. 

By choosing the appropriate value of «, we can ensure that any 
two radii separated by an angle of 90° shall be in the ratio of ¢:1, 
so that successive segments of the rectangular spiral AB, BC, 
CD, --- obey the Fibonacci rule u,,, = u, + u,_4. 


Since a property of the Fibonacci series is that 
U2 41 = U_'Unn2 + (—1)" (see p. 150) 


and we have also 
Tet = ln Tn? 
then, when 7 is large, if r,, = u,, the lengths of successive radii of 
the equiangular spiral separated by right angles will differ in- 
appreciably from the members of the Fibonacci series. 
The condition that r,/r,; = ¢, when the angle separating the 
two radii is 7/2, is that 


¢ = e@2)cote = =o, = cota = 4 log. ¢ 
7 


From this « = 73° approximately. This is the constant angle of 
the equiangular spiral which incorporates both the golden section 
and the golden numbers. 


Before closing this chapter, we must not omit mentioning two 
more intriguing properties of this remarkable curve. These are 
easily verified experimentally. 

Construct a cardboard template with the outline of an equi- 
angular spiral, piercing a hole at its pole. Then carry out the 
following simple experiments. 


1. Fix the template to a piece of paper which is itself not free 
to move. Secure one end of a piece of cotton to the template 
periphery near the pole. Insert a pencil in a small loop at the other 
end of the cotton. Then, keeping the cotton taut, wrap it around 
the outline of the spiral. It will be found that the path followed by 
the pencil is a similar equiangular spiral! 

2. Fix a straight edge on a sheet of paper and roll the card- 
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board spiral along it, marking the successive positions of the 
pole. These points lie on a straight line! (Fig. 13.6). 

In this chapter we have seen that beauty in nature and beauty 
in mathematics are sometimes closely associated. But there is a 


Fig. 13.6. Experiment with spiral 


difference. Nature’s beauty dies. The day dawns when the nautilus 
is no more. The rainbow passes, the flower fades, the mountain 
crumbles, the star grows cold. But beauty in mathematics—the 
divine proportion, the golden rectangle, spira mirabilis—endures 
for evermore. 


————eeEeEe—eoEOEeeOo™™ 


Bie, dks Bae a LAX 


The following excerpts from the writings of CARL G. JUNG provide 
an abridged account of his view of the structure of the human 
psyche. 


I may summarize by observing that we must distinguish three mental 
levels: (i) consciousness; (ii) the personal unconscious; (iii) the collective 
unconscious. The personal consists of all those contents which have 
become unconscious either because, their intensity being lost, they were 
forgotten, or because consciousness has withdrawn from them, i.e., so- 
called repression. Finally, this layer contains those elements—partly 
sense perceptions—which on account of too little intensity have never 
reached consciousness, and yet in some way have gained access to the 
psyche. The collective unconscious, being the inheritance of the possi- 
bilities of ideas, is not individual but generally human, generally animal 
even, and represents the real foundation of the individual soul. . .. From 
the collective unconscious as a timeless universal mind we should expect 
reactions to the most universal and constant conditions, whether 
Psychological, physiological or physical. From the conscious, on the 
other hand, we should expect reactions and adaptation phenomena re- 
lating to the present; for the conscious is that part of the mind that is 
preferably limited to events of the moment.! 


Most of the early impressions in life are soon forgotten and go to 
form the infantile layer of what I call the personal unconscious. There 
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are definite reasons why I divide the unconscious into two parts. The 
personal unconscious contains everything forgotten, or repressed, or 
otherwise subliminal that has been acquired by the individual con- 
sciously or unconsciously. Such materials have an unmistakable per- 
sonal stamp. But other contents are to be found, often enormously 
strange to the individual and bearing scarcely a trace of personal 
quality. You may discover such materials frequently in insanity, where 
they contribute not a little to the confusion and disorientation of the 
patient. In dreams of normal people such strange contents also occa- 
sionally appear... . It is not difficult to define what world these belong 
to: it is the world of the primitive mind which is deeply unconscious in 
cultured moderns so long as they are normal, but which rises to the 
surface when something fatal happens to the conscious. This I call the 
collective unconscious. “Collective” because it is not an individual 
acquisition, but rather the functioning of the inherited brain structure, 
which, in general, is the same in all human beings, and, in certain 
respects, is the same in all mammals. The inherited brain is the inheri- 
tance of the ancient psychic life. It consists of the structural deposits of 
psychic activities repeated innumerable times in the lives of our ances- 
tors. Our individual conscious is a superstructure upon the collective 
unconscious, and usually its influence on the conscious is subtle and 
almost imperceptible. Only at times does it appear in our dreams; and 
whenever it does, it produces strange and marvellous dreams, remark- 
able for their beauty, or their demoniacal horror, or for their enigmatic 
wisdom. . ..7 
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THE DIVINE 
PROPORT« 


H. E. HUNTLEY 


Is there a natural aesthetic which corresponds to a universal order? 
If so, where is it manifested? What is its application to art, and 
what importance can it have for the scientist o1 layman? Is it a 
conscious or unconscious phenomenon, and what is the nature of 
the psyche that plays host to it? What is the ‘true’ significance of 
the triangle, rectangle, or spiral? What is the relationship between 
aesthetics and mathematics? These are but a few of the questions 
that H. E. Huntley discusses in a non-technical book that is an im- 
portant step in the attempt to relate mathematics, and science in 
general, to the everyday thinking of people in our complex society, 


Using simple mathematical formulas, most as basic as Pythagoras’ 
theorem and requiring only a very limited knowledge of mathe 
matics, Professor Huntley explores the fascinating relationship be 
tween geometry and aesthetics. Poetry, patterns like Pascal's 
triangle, philosophy, psychology, music, and dozens of simple math 
ematical figures are enlisted to show that the “divine proportion” 
or “golden ratio” is a feature of geometry and analysis which awakes 
answering echoes in the human psyche. When we judge a work of 
art aesthetically satisfying, according to his formulation, we are 
making it conform to a pattern whose outline is laid down in 
simple geometrical figures; and it is the analysis of these figures 
which forms the core of Professor Huntley's book 


For the philosopher, scientist, poet, art historian, music listener, 
artist, as well as the general reader who wants to understand more 
about the fascinating properties of numbers, this is a beautifully 
written, exciting account of the search for a naturally manifested 
aesthetic that has occupied man since he first asked the question 
“why?” 


“This is a delighttul book to read... . It wanders here and there 
through some of the most attractive byways of simple mathematics, 
returning always to the oddities and pleasures of the golden section, 
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